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Abstract. The goal of this paper is to give a geometric construction of the Bethe algebra 
(of Hamiltonians) of a Gaudin model associated to a simple Lie algebra. More precisely, 
in this paper a quantum integrable model is assigned to a weighted arrangement of affinc 
hypcrplanes. We show (under certain assumptions) that the algebra of Hamiltonians of 
the model is isomorphic to the algebra of functions on the critical set of the corresponding 
master function. For a discriminantal arrangement we show (under certain assumptions) 
that the symmetric part of the algebra of Hamiltonians is isomorphic to the Bethe algebra 
of the corresponding Gaudin model. It is expected that this correspondence holds in general 
(without the assumptions). As a byproduct of constructions we show that in a Gaudin 
model (associated to an arbitrary simple Lie algebra), the Bethe vector, corresponding to 
an isolated critical point of the master function, is nonzero. 
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1 Introduction 

1.1 Quantum integrable models and Bethe ansatz 

A quantum integrable model is a vector space V and an "interesting" collection of commuting 
linear operators K\,Ki, . . . : V — > V. The operators are called Hamiltonians or transfer matrices 
or conservation laws. The problem is to find common eigenvectors and eigenvalues. 

The Bethe ansatz is a method to diagonalize commuting linear operators. One invents 
a vector- valued function v(t) of some new parameters t = (t\, . . . ,tf~) and fixes the parame- 
ters so that v(t) becomes a common eigenvector of the Hamiltonians. One shows that v(t) 
is an eigenvector if t satisfies some system of equations, 



The equations are called the Bethe ansatz equations. The vector v(t) corresponding to a solution 
of the equations is called a Bethe vector. The method is called the Bethe ansatz method. 

1.2 Gaudin model 

One of the simplest and interesting models is the quantum Gaudin model introduced in [7] 
and [8]. Choose a simple Lie algebra g, an orthonormal basis {J a } of g with respect to a nonde- 
generate g-invariant bilinear form, and a collection of distinct complex numbers x = (xi, . . . , Xn). 
Then one defines certain elements of the iV-th tensor power of the universal enveloping algebra 
of g, denoted by K\(x), . . . ,Kn(x) 6 {Ug)® N and called the Gaudin Hamiltonians, 



¥,•(<) = 0, 



j = 1,... ,k. 



(1.1) 




6 = 1,..., N. 



Here we use the standard notation: if J € g, then J w = l®^" 1 ) ® J® 
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The Gaudin Hamiltonians commute with each other and commute with the diagonal subal- 
gebra (£/ ) diag C (Ug)® N , 

[K b (x), K c (x)] = 0, [K b (x), (£/f>)diag] = 0. 

Let V\ denote the finite-dimensional irreducible g-module with highest weight A. Decompose 
a tensor product V A = ®^ 1 Va 6 into irreducible g-modules, 

V A = ®A 00 V Aoa ®W At A 00 , (1.2) 

where W AAcx3 is the multiplicity space of a representation V Aoo . The Gaudin Hamiltonians act 
on V A , preserve decomposition (jl.2p . and by Schur's lemma induce commuting linear operators 
on each multiplicity space W = W AiAoo , 

K 1 (x),...,K N (x) : W ^W. 

These commuting linear operators on a multiplicity space constitute the quantum Gaudin model. 

Thus, the Gaudin model depends on g, ( , ), highest weights Ai, . . . , A^r, Aoo and complex 
numbers x\, . . . , xjv- 

1.3 Gaudin model as a semiclassical limit of KZ equations 

On every multiplicity space W = Wa, Aoo of the tensor product Va. = ©A^^A^ <S> Wa,Aoc one 
has a system of Knizhnik-Zamolodchikov (KZ) differential equations, 

dl 

k—{z) = K b (x)I(x), 6 = 1,..., N, 
ox b 

where x = (x%, . . . ,xjy), I(x) € W is the unknown function, K b (x) are the Gaudin Hamilto- 
nians and k £ C x is a parameter of the differential equations. KZ equations are equations for 
conformal blocks in the Wess-Zumino-Novikov-Witten conformal field theory. 

For any value of k, KZ equations define a flat connection on the trivial bundle x W — > C N 
with singularities over the diagonals. The flatness conditions, 



d d 

k- K b (x),K- K c (x) 

OX i) ox c 



0. 



in particular, imply the conditions [K b (x) , K c (x)] = 0, which are the commutativity conditions 
for the Gaudin Hamiltonians. 

Thus, we observe two related problems: 

(1) Given a nonzero number k, find solutions of the KZ equations. 

(2) Given x, find eigenvectors of the Gaudin Hamiltonians. 

Problem (2) is a semiclassical limit of problem (1) as k tends to zero. Namely, assume that 
the KZ equations have an asymptotic solution of the form 

I(x) = e p ^ /K (w (x) + kwi(x) + k 2 w 2 {x) H ) 

as k — y 0. Here P{x) is a scalar function and wq(x),wi(x),W2(x), . . . are some W-valued 
functions of x. Substituting this expression to the KZ equations and equating the leading terms 
we get 

dP 

— (x)w (x) = K b (x)w (x). 

Hence, for any x and 6, the vector wq(x) is an eigenvector of the Gaudin Hamiltonian K b (x) 
with eigenvalue §^r(x). 

Thus, in order to diagonalize the Gaudin Hamiltonians it is enough to construct asymptotic 
solutions to the KZ equations. 
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1.4 Bethe ansatz in the Gaudin model 

The Gaudin model has a Bethe ansatz [21 [31 [19] . The Bethe ansatz has special features. Namely, 

(i) In the Gaudin model, there exists a function 3>(ti, . . . , £&) (the master function) such that 
the Bethe ansatz equations (|l.ip are the critical point equations for the master function, 



(ii) In the Gaudin model, the vector space W has a symmetric bilinear form S (the tensor 
Shapovalov form) and Gaudin Hamiltonians are symmetric operators. 

{iii) In the Gaudin model, the Bethe vectors assigned to (properly understood) distinct critical 
points are orthogonal and the square of the norm of a Bethe vector equals the Hessian of 
the master function at the corresponding critical point, 



In particular, the Bethe vector corresponding to a nondegenerate critical point is nonzero. 

These statements indicate a connection between the Gaudin Hamiltonians and a mysterious 
master function (which is not present in the definition of the Gaudin model). 

One of the goals of this paper is to uncover this mystery and show that the Bethe ansatz can 
be interpreted as an elementary construction in the theory of arrangements, where the master 
function is a basic object. 

1.5 Gaudin model and arrangements 

For a weighted arrangement of affine hyperplanes, we will construct (under certain assumptions) 
a quantum integrable model, that is, a vector space W with a symmetric bilinear form S (called 
the contravariant form), a collection of commuting symmetric linear operators on W (called the 
naive geometric Hamiltonians) , a master function <3?(i) and vectors v{t) (called the special vectors 
or called the values of the canonical element) which are eigenvectors of the linear operators if t 
is a critical point of the master function. 

Then for a given Gaudin model (W, S, K\(x), K2(x), . . . : W — > W), one can find a suitable 
(discriminantal) arrangement and identify the objects of the Gaudin model with the correspon- 
ding objects of the quantum integrable model of the arrangement. After this identification, the 
master function <&(t) and the special vectors v(t) of the arrangement provide the Gaudin model 
with a Bethe ansatz, that is, with a method to diagonalize the Gaudin Hamiltonians. 

1.6 Bethe algebra 

Let Wa.Aoo be the vector space of a Gaudin model. It turns out that the subalgebra of 
End(H / A,Aoo) generated by the Gaudin Hamiltonians can be extended to a larger commutative 
subalgebra called the Bethe algebra. A general construction of the Bethe algebra for a simple Lie 
algebra q is given in [4] . That construction is formulated in terms of the center of the universal 
enveloping algebra of the corresponding affine Lie algebra g at the critical level. As a result 
of that construction, for any x one obtains a commutative subalgebra B(x) C (Uq)® n which 
commutes with the diagonal subalgebra U$ C (Uq)® n . To define the Bethe algebra of V\ 
or of Wa,Aoo one considers the image of B(x°) in End(VA.) or in End(H / A,A 00 )- The Gaudin 
Hamiltonians K^{x) are elements of the Bethe algebra of V\ or of Wa,Aoo- 

The construction of the Bethe algebra in [3] is not explicit and it is not easy to study the Bethe 
algebra of VFa.Aoo for a particular Gaudin model. For example, a standard difficult question is 
if the Bethe algebra of Wa^a^ is a maximal commutative subalgebra of End(H / A,A 00 ) 5 cf. [121 IS]- 



j = 1, . . . , k. 
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1.7 Algebra of geometric Hamiltonians 

In this paper we address the following problem. Is there a geometric construction of the Bethe 
algebra? For the quantum integrable model (W, S,Ki,K2, ... : W — > W) of a given weighted 
arrangement, can one define a geometric "Bethe algebra" A, which is a maximal commutative 
subalgebra of End(W), which contains the naive geometric Hamiltonians K\, K2, ■ ■ ■ , and which 
can be identified with the Bethe algebra of [3j for discriminant al arrangements? 

In this paper (under certain assumptions) we construct an algebra A called the algebra of 
geometric Hamiltonians and identify it (in certain cases) with the Bethe algebra of the Gaudin 
model. 



1.8 Quantum integrable model of a weighted arrangement 
(or dynamical theory of arrangements) 

To define the quantum integrable model of an arrangement we consider in an affine space C k 
(with coordinates t = (t\, . . . ,£&)) an arrangement of n hyperplanes, k < n. Each hyperplane 
is allowed to move parallelly to itself. The parallel shift of the i-th hyperplane is measured 
by a number Z{ and for every z = (z\, . . . , z n ) G C n we get in C fc an affine arrangement of 
hyperplanes A(z) = (Hj(z)), 

Hj{z) = {teC k I gj (t) + Zj = 0}, 

where gj(t) are given linear functions on C k . We assign nonzero numbers a = (ay) to the 
hyperplanes of A(z) (the numbers do not depend on z) and obtain a family of parallelly translated 
weighted hyperplanes. 

For generic z € C n , the arrangement A(z) has normal crossings only. The discriminant 
A C C n is the subset of all points z such that A(z) is not with normal crossings only. 
The master function $ on C n x C k is the function 

=J2a j log(g j (t) + z j ). 

j 

Let A(A(z)) = e k =0 A p (A(z)) be the Orlik-Solomon algebra and F(A(z)) = ®^ =0 J rp (A(^)) the 
dual vector space. We are interested in the top degree components A k (A(z)) and J- k (A(z)). 

The weights a define on J rk (A(z)) a symmetric bilinear form (called the contravariant 
form) and a degree-one element v(a) = Y,j a j( H j( z )) G A 1 (A{z)). Denote Sing7" fc (A(z)) C 
F k {A{z)) the annihilator of the subspace v(a) ■ A k ~ 1 {A(z)) C A k (A(z)). 

For z l ,z 2 € C n — A, all combinatorial objects of the arrangements A(z l ) and A(z 2 ) can 
be canonically identified. In particular, the spaces J rfc (A(z 1 )), J" fc (A(z 2 )) as well as the spaces 
Sing J rfc (A(z 1 )), Sing J rk {A{z 2 )) can be canonically identified. For z G C n — A, we denote 
V = J" fc (A(z)),SingF = SingJ- fc (A(z)). 

For any nonzero number k, the hypergeometric integrals 

e *(*,t)/* Wj u e A k {A(z)), 

define a Gauss-Manin (flat) connection on the trivial bundle C n x Sing V — > C n with singularities 
over the discriminant. The Gauss-Manin differential equations for horizontal sections of the 
connection on C n x Sing V — > C n have the form 

dl 

K —(z)=K j (z)I(z), jeJ, (1.3) 
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where I{z) € Single is a horizontal section, Kj{z) : V —¥ V , j € J, are suitable linear operators 
preserving Sing V and independent of k. For every j, the operator Kj(z) is a rational function 
of z regular on C n — A. Each operator is symmetric with respect to the contravariant form S^ a \ 

These differential equations are our source of quantum integrable models for weighted ar- 
rangements. The quantum integrable models are the semiclassical limit of these differential 
equations similarly to the transition from KZ equations to the Gaudin model in Section 11.61 

The flatness of the connection for all k implies the commutativity of the operators, 

Ki(z)\sin g vKj(z)\ SingV = K j (z)\ SingV K i (z)\ S mgV for all i,j and z £ C n — A. 

Let V* be the space dual to V. If M : V — > V is a linear operator, then M* : V* — > V* denotes 
the dual operator. Let W C V* be the image of V under the map V — > V* associated with the 
contravariant form and Single C W the image of SingV C V. The contravariant form induces 
on W a nondegenerate symmetric bilinear form, also denoted by S^ a \ 

The operators Kj(z)* preserve the subspaces Single C W C V* . The operators Kj(z)*\w '■ 
W —> W are symmetric with respect to the contravariant form. The operators Kj(z)*\si ng w '■ 
Single — > Single, j £ J, commute. 

For z € C n — A, we define the quantum integrable model assigned to (A(z),a) to be the 
collection 

(SingVF; S-^lsingw; K x (z)*\ S in S W, ■ ■ ■ ,K n (z)*\ Sing w : Sing W Sing W) . 

The unital subalgebra of End(Sing W) generated by operators K±(z)*\si n gWi • • • j K n (z)*\singW 
will be called the algebra of geometric Hamiltonians of (A(z),a). 

It is clear that any weighted arrangement with normal crossings only can be realized as a fiber 
(A(z),a) of such a construction and, thus, a weighted arrangement with normal crossings only 
is provided with a quantum integrable model. 

If z° is a point of the discriminant, the construction of the quantum integrable model assigned 
to the arrangement (A(z°),a) is more delicate. The operator valued functions Kj(z) may have 
first order poles at z°. We write Kj(z) = Kj(z) + Kj(z), where K® (z) is the polar part at z° 
and Kj(z) the regular part. By suitably regularizing the operators Kj(z°), we make them (under 
certain assumptions) preserve a suitable subspace of SingV, commute on that subspace and be 
symmetric with respect to the contravariant form. The algebra of regularized operators Kj(z°) 
on that subspace produces the quantum integrable model assigned to the fiber (A(z°),a). It 
may happen that some linear combinations (with constant coefficients) Kg(z) = CjKj(z) 
are regular at z . In this case the operator K^(z ) preserves that subspace and is an element 
of the algebra of Hamiltonians. In this case the operator K^(z°) is called a naive geometric 
Hamiltonian. (It is naive in the sense that we don't need to go through the regularization 
procedure to produce that element of the algebra of Hamiltonians. In that sense, for z E C n — A 
all elements of the algebra of geometric Hamiltonians of the arrangement (A(z),a) are naive.) 

For applications to the Gaudin model one needs a suitable equivariant version of the described 
construction, the corresponding family of parallelly translated hyperplanes has a symmetry 
group and the Gaudin model is identified with the skew-symmetric part of the corresponding 
quantum integrable model of the arrangement. 

1.9 Bethe ansatz for the quantum integrable model of an arrangement 

The Hamiltonians of the model are (suitably regularized) right hand sides of the Gauss-Manin 
differential equations f|1.3|) . The solutions to the equations are the integrals fjf z \ e^^ z,t '^ K cj. By 
taking the semiclassical limit of the integrals as k tends to zero, we obtain eigenvectors of the 
Hamiltonians, cf. Section 11.31 The eigenvectors of the Hamiltonians are labeled by the critical 
points of the phase $ of the integrals due to the steepest descent method. 
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1.10 Geometric interpretation of the algebra of Hamiltonians 

It turns out that the solutions ^(z) e*^'*^' c w to equations fjl .3j) produce more than just eigenvec- 
tors of the geometric Hamiltonians. They also produce a geometric interpretation of the whole 
algebra of geometric Hamiltonians. It turns out that the algebra of geometric Hamiltonians is 
naturally isomorphic (under certain conditions) to the algebra of functions on the critical set 
of the master function The isomorphism is established through the semiclassical limit of 
the integrals. Moreover, this isomorphism identifies the residue bilinear form on the algebra of 
functions and the contravariant form of the arrangement. 

This geometric interpretation of the algebra of geometric Hamiltonians is motivated by the 
recent paper [15] where a connection between the algebra of functions on the critical set of the 
master function and the Bethe algebra of the gl r+ i Gaudin model is established, cf. [14j . 

1.11 Byproducts of constructions 

The general motive of this paper is the interplay between the combinatorially defined linear 
objects of a weighted arrangement and the critical set of the corresponding master function 
(which is a nonlinear characteristics of the arrangement). As byproducts of our considerations 
we get relations between linear and nonlinear characteristics of an arrangement. For example, 
we prove that the sum of Milnor numbers of the critical points of the master function is not 
greater than the rank of the contravariant form on Singy. 

As another example of such an interaction we show that in any Gaudin model (associated 
with any simple Lie algebra) the Bethe vector corresponding to an isolated critical points of the 
master function is nonzero. That result is known for nondegenerate critical points, see [27j, and 
for the Gaudin models associated with the Lie algebra Ql r+ i, see [T5] . 

1.12 Exposition of the material 

In Section [21 basic facts of the theory of arrangements are collected. The main objects are the 
space of flags, contravariant form, master function, canonical element. 

In Section[3l a family of parallelly translated hyperplanes is introduced. In Section^ remarks 
on the conservation of the number of critical points of the master function under deformations 
are presented. 

In Section [U the Gauss-Manin differential equations are considered. The quantum inte- 
grable model of a weighted arrangement with normal crossings only is introduced. The "key 
identity" (I5.2P is formulated. 

In Section [6l the asymptotic solutions to the Gauss-Manin differential equations are dis- 
cussed. In Section [3 the quantum integrable model of any fiber (A(z°),a), z° € A, is defined 
under assumptions of positivity of weights (ctj ) and reality of functions (gj (t) ) . A general con- 
jecture is formulated. 

In Section [HJ it is shown that the algebra of geometric Hamiltonians is isomorphic to the 
algebra of functions on the critical set of the master function. That fact is proved for any 
(A(z),a), z £ C n under Assumption 17.41 of positivity of (a,j) and reality of (gj(t)). In Section[9l 
more results in this direction are obtained, see Theorems 19.161 and 19.171 

In Section \T0\ an equivariant version of the algebra of geometric Hamiltonians is introduced 
and in Section [11] relations with the Gaudin model are described. 
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2 Arrangements 

2.1 An affine arrangement 

Let k and n be positive integers, k < n. Denote J = {1, . . . , n}. 

Let A = (Hj)j£j, be an arrangement of n affine hyperplanes in C k . Denote 

U = C k - U jeJ H j} 

the complement. An edge X a C C k of the arrangement A is a nonempty intersection of some 
hyperplanes of A. Denote by J a C J the subset of indices of all hyperplanes containing X a . 
Denote l a = codim C fcAo,. 

We always assume that A is essential, that is, A has a vertex, an edge which is a point. 

An edge is called dense if the subarrangement of all hyperplanes containing it is irreducible: 
the hyperplanes cannot be partitioned into nonempty sets so that, after a change of coordinates, 
hyperplanes in different sets are in different coordinates. In particular, each hyperplane of A is 
a dense edge. 

2.2 Orlik Solomon algebra 

Define complex vector spaces A P (A), p = 0, . . . , k. For p = set A P (A) = C. For p ^ 1, ^4 P (A) 
is generated by symbols (H^, . . . , Hj p ) with jj 6 J, such that 

(i) (Hj 1 , . . . , -Hj p ) = if Hj ir . . ,Hj are not in general position, that is, if the intersection 
Hj 1 n • • • n Hj is empty or has codimension less than p; 

(ii) (H jtT{1) , . . . , Hj a(p) ) = (-1) |ct| (H jl , . . . , H jp ) for any element a of the symmetric group S p ; 

E?=i 1 (- 1 ) i (- H 'ii> • • • >H jv . . -,H jp+1 ) = for any (p+l)-tuple H jlt . . -,H jp+1 of hyperplanes 
in A which are not in general position and such that Hj 1 H • • • D Hj p+1 ^ 0. 

The direct sum *4(A) = ©^L 1 ^4 P (A) is an algebra with respect to multiplication 

(H h ,...,H jp )- {H jp+1 H jp+q ) = (H h , . . . , H jp ,H jp+1 H jp+q ). 

The algebra is called the Orlik-Solomon algebra of A. 



2.3 Weights 

An arrangement A is weighted if a map a : J 
of Hj. For an edge X a , define its weight as q>ol 

We always assume that a,j ^ for every j G 

Define 



— > C, j i— > a,j, is given; dj is called the weight 
J. 



Multiplication by v{a) defines a differential 

d {a) : ^4 P (A) ->• ^ P+1 (A), 
on A(A). 
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2.4 Space of flags, see [23| 

For an edge X a , l a = p, a flag starting at X a is a sequence 

X ao D X ai D ■ ■ ■ D X ap = X a 

of edges such that l aj = j for j = 0, . . . ,p. 

For an edge X a , we define T a as the complex vector space with basis vectors 

A ao, ...,a p =a 

labeled by the elements of the set of all flags starting at X a . 

Define J- a as the quotient of J- a by the subspace generated by all the vectors of the form 

^ ] Fao,...,aj-i,P,atj+i,...,ap=a- 

Such a vector is determined by j G {1, . . . ,p — 1} and an incomplete flag X ao D • • • D X cij _ 1 D 
X aj+1 D ■ ■ ■ D X ap = X a with / ai = i. 

Denote by F a0r ., ia the image in T a of the basis vector F a0r .., a . For p = 0, . . . , k, set 

j*(A) = e Xa ,i a = P T a . 

2.5 Duality, see [23] 

The vector spaces *4 P (A) and F P (A) are dual. The pairing ^4 P (A) ® F P (A) — > C is defined as 
follows. For i/jj, . . . , Hj in general position, set F^H^, . . . ,Hj ) = F a0i ___ )Olp where 

x ao = c k , x ai = Hj 1: . . . , x ap = Hj 1 n ■ ■ ■ n Hj p . 

Then define {{H h , ...,H jp ), F Q0) ..., Qp ) = (-1) H , if F ao ,... )Q!p = F(H jrj(iy . . . , H ja(p) ) for some 
<7 G S p , and ((fl^, . . . , H, p ), F QOi ..., Qp ) = otherwise. 

Denote by 5^ : F P {A) -> J^-^A) the map dual to tfW : ^^(A) -> >V(A). An element 
i> G J- k (A) is called singular if 5Wu = 0. Denote by 

Sing (A) C F k (A) 

the subspace of all singular vectors. 

2.6 Contravariant map and form, see [23J 

Weights a determine a contravariant map 

£(«): JP(A)-^^(A), Fa ,..,« P ^E 

where the sum is taken over all p-tuples (Hj 1 , . . . , Hj ) such that 

Hj 1 D , . . . , ilj p D X Qp . 
Identifying „4 P (A) with J- p (A)* , we consider the map as a bilinear form, 
: F p (A)®FP(A) ->■ C. 
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The bilinear form is called the contravariant form. The contravariant form is symmetric. For 
F 1 ,F 2 €FP(A), 

S^(F 1 ,F 2 ) = a n--- «i P ((%. • • • . H jp ), F 1 )((H n ,. . . , H jp ),F 2 ), 

{ju—,3p}CJ 

where the sum is over all unordered p-element subsets. 

The contravariant form was introduced in [23]. It is an analog of the Shapovalov form in 
representation theory. On relations between the contravariant and Shapovalov forms, see [23] 
and Section [Til 

2.7 Remarks on generic weights 

Theorem 2.1 ([23])' If weights a are such that none of the dense edges has weight zero, then 
the contravariant form is nondegenerate. 

Theorem 2.2. If weights a are such that none of the dense edges has weight zero, then 
HP(A*(A),d^) = forp<k and dimH k (A*,d^) = \x(U)\, where x{U) is the Euler charac- 
teristics of U . In particular, these statements hold if all weights are positive. 

Proof. The theorem is proved in [281 118j . It is also a straightforward corollary of some results 
in [23]. Namely, in [23] a flag complex d : F P (A) — >■ F P+1 (A) was considered with the differential 
defined by formula (2.2.1) in [23] . By \23\ Corollary 2.8] the cohomology spaces of that flag 
complex are trivial in all degrees less than the top degree. In [23], it was also proved that the 
contravariant map defines a homomorphism of the flag complex to the complex d^ : A P (A) — > 
.4 P+1 (A). Now Theorem O is a corollary of Theorem 12.11 ■ 

Corollary 2.3. If weights a are such that none of the dense edges has weight zero, then the 
dimension of Sing F k (A) equals |x(^OI- 

2.8 Orlik— Solomon algebra as an algebra of differential forms 

For j € J, fix a defining equation for the hyperplane Hj, fj = 0, where fj is a polynomial 
of degree one in variables t±,...,tk- Consider the logarithmic differential form ojj = dfj/fj 
on C k . Let .4(A) be the C-algebra of differential forms generated by 1 and ujj, j £ J. The map 
A(A) — > -4(A), (Hj) i y ojj, is an isomorphism. We identify -4(A) and .4(A). 

2.9 Critical points of the master function 

Given weights a : J — > C, define the (multivalued) master function $ : U — > C, 

$ = $A,a = J^oylog/j. (2.1) 

Usually the function = Ylj fj 3 is called the master function, see [25] [261 EZ], but it is more 
convenient to work with definition (|2.ip . 

A point t 6 U is a critical point of $ if d<&\t = 0. We can rewrite this equation as v(a)\t = 
since 

u(a) = d$. (2.2) 

Theorem 2.4 (\26 \ \17 \ I21j). For generic exponents a all critical points o/$ are nondegenerate 
and the number of critical points equals \x(U)\. 
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Denote C(t)u the algebra of rational functions on C fc regular on U and 
I * = (-Qf \i = h-..,k) CC(% 

the ideal generated by first derivatives of Let ^4$ = C(t)u/I$ be the algebra of functions on 
the critical set and [ ]: C(t)u — >• / i— )■ [/], the canonical homomorphism. 

If all critical points are isolated, then the critical set is finite and the algebra A§ is finite- 
dimensional. In that case, A$ is the direct sum of local algebras corresponding to points p of 
the critical set, 



The local algebra A p ^ can be defined as the quotient of the algebra of germs at p of holomorphic 
functions modulo the ideal generated first derivatives of <I>. Denote by m p C A p ^ the 
maximal ideal generated by germs of functions equal to zero at p. 

Lemma 2.5. The elements j G J, generate A$. 

Proof. If Hj t , . . . , Ha intersect transversally, then l/fj 1 , ■ ■ ■ , 1/ fj h form a coordinate system 
on U. This remark proves the lemma. ■ 

Define a rational function Hess^ : C k — > C, regular on U, by the formula 
Hess^(t) = det ( (t). 

The function is called the Hessian of 

Let p be an isolated critical point of Denote by [Hess^jp the image of the Hessian in A p ^. 
It is known that the image is nonzero and the one-dimensional subspace C[Hess^ a ^] p C A Pt $ is 
the annihilating ideal of the maximal ideal m p C A p ^. 

Let p p : A p ^ — > C, be the Grothendieck residue, 

/ 1 f f dhA---Adt k 



f » {2 m f R ^ * " {2,if J Tp * £ 

11 dti 11 dU 

i=l s=l 

where T p = {(ii, • • • , | = e$, « = 1, • • • , k} is the real /c-cycle oriented by the condition 
a arg — — A ■ ■ ■ A a arg — — ^ 0; 

here e s are sufficiently small positive real numbers, see [9]. 

It is known that p p : [Hess^Jp H ?■ where /x p = dimc-A Pi $ is the Milnor number of the 
critical point p. Let ( , ) p be the residue bilinear form, 

(f,g) P = P P (fg)- (2.3) 



That form is nondegenerate. 
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2.10 Special vectors in J 7 * (A) and canonical element 

A differential top degree form r] G A k (A) can be written as 

7] = fdh A ••• Adt k , 

where / is a rational function on C k , regular on U. 

Define a rational map v : C k — > F k (A) regular on U. For t G U, set v(t) to be the element 
of T k (A) such that 

(rj,v(t)) = f(t) for any rj G A k (A). 

The map v is called the specialization map and its value v(t) is called the special vector at t G U, 
see [27]. 

Let (F m ) m& M be a basis of F k (A) and (H m ) rn€ M C A k (A) the dual basis. Consider the 
element £ m -H~ m ®F m G A k {A)®F k {A). We have H m = f m dt x A • • • A dt k for some f m G C(%. 
The element 

£ = / m <8> F m € C(% ® J* (A) 

will be called the canonical element of the arrangement A. It does not depend on the choice of 
the basis (F m ) m< z M - 

For any t G U, we have 

v(t) = y, r(t)F m . 

Denote by [E] the image of the canonical element in ^4$ (g> T k (A) . 
Lemma 2.6. We have [E] Sing J* (A). 

Proof. By formula (|2T2j) . if e G ■ A(A) k ~ l , then (1 ®e,E) e Hence 

(l®e,[B]) = (2.4) 

in A$. Let ei, . . . , ej be a basis of dW ■ A k ~ 1 (A). Extend it to a basis e±, . . . , ei,ei+\, . . . , eij^i of 

„4 fc (A). Let e 1 ,...,e',e'+ 1 ,...,el M l be the dual basis of T k (A). Then e i+1 , . . . , el M l is a basis of 

\M\ 

Sing J" fc (A). Let [E] = £ W\ ® e l for some [gr*] G Aj,. By (|23|| we have [g*] = for alU < I. U 

i=i 

Theorem 2.7 (|27|). ^4 point t G f7 is a critical point of if and only if the special vector v(t) 
is a singular vector. 

Proof. The theorem follows from Lemma 12.61 ■ 
Theorem 2.8 ([27]). 

(i) For any t G U, 

S {a) (v(t),v(t)) = (-l) fe Hess (a) (t). 

(ii) If t ,t G U are different isolated critical points of <1>, then the special singular vec- 
tors v{t v ), v(t 2 ) are orthogonal, 
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2.11 Arrangements with normal crossings only 

An essential arrangement A is with normal crossings only, if exactly k hyperplanes meet at every 
vertex of A. Assume that A is an essential arrangement with normal crossings only. 

A subset {ji, . . . ,j p } C J will be called independent if the hyperplanes Hj 1 , . . . ,Hj p intersect 
transversally. 

A basis of ^4 P (A) is formed by (Hj 1 , . . . , Hj ) where {j\ < ■■■ < j p } are independent or- 
dered p-element subsets of J. The dual basis of F P (A) is formed by the corresponding vectors 
F(Hj 1 , . . . , Hj p ). These bases of A P (A) and ^(A) will be called standard. 

In J- p (A) we have 

F(H n ,. . . , H jp ) = {-lpF{H ja{xv . . . , H Mp) ) (2.5) 

for any permutation a £ S p . 

For an independent subset {ji, . . . , j p }, we have 

(F(H n Hj p ),F(Hj 1 ,...,H jp )) = a h ■ ■ ■ a jp 

and 

S^(F(H J1 ,...,H jp ),F(H il ,...,H lk )) = 
for distinct elements of the standard basis. 

2.12 Real structure on A P (A) and ^ P (A) 

We have defined ^4 P (A) and ^(A) as vector spaces over C. But one can define the corresponding 
spaces over the field E so that ^(A) = ^ P (A) R ® R C and J" (A) = F P (A) K & R C. If all 
weights a are real, then the differential : A P (A) -> A P+1 (A) preserves the real subspaces 
and one can define the subspace of singular vectors Sing F k (A)^ C J- k (A)^ so that Sing F k (A) = 
SingJ- fe (A) K ® K C. 

2.13 A real arrangement with positive weights 

Let £i, . . . ,tf. be standard coordinates on C fe . Assume that every polynomial fj, j € J, has real 
coefficients, 

fj =z j + b)t 1 + --- + b k j t k , 

where Zj, b l - are real numbers. 

Denote J7r = U fl M. k . Let = U a D a be the decomposition into the union of connected 
components. Each connected component is a convex polytope. It is known that the number of 
bounded connected components equals see [29] , 

Theorem 2.9 ([26]). Assume that weights (a,j)j£j are positive. Then the union of all critical 
points of the master function &A,a is contained in the union of all bounded components of U^. 
Each bounded component contains exactly one critical point. All critical points are nondegene- 
rate. 

Corollary 2.10. Under assumptions of Theorem 12.91 let t 1 ,. . . ,t E C/r be a list of all distinct 
critical points of the master function <3?A,a- Then the corresponding special vectors v (t 1 ), . . . , v(t d ) 
form a basis o/Sing ^(A)^. That basis is orthogonal with respect to the contravariant form . 

Note that the contravariant form on Sing _F fc (A)iR is positive definite. 
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2.14 Resolution of a hyperplane-like divisor 

Let Y be a smooth complex compact manifold of dimension k, D a divisor. The divisor D is 
hyperplane-like if Y can be covered by coordinate charts such that in each chart D is a union 
of hyperplanes. Such charts will be called linearizing. Let D be a hyperplane-like divisor, U be 
a linearizing chart. A local edge of D in U is any nonempty irreducible intersection in U of 
hyperplanes of D in U. An edge of D is the maximal analytic continuation in Y of a local edge. 
Any edge is an immersed submanifold in Y. An edge is called dense if it is locally dense. For 
^ % ^ k — 2, let Li be the collection of all dense edges of D of dimension i. The following 
theorem is essentially contained in Section 10.8 of [25j . 




Theorem 2.11 ([22J). Let Wq = Y. Let it\ : W\ — > Wq be the blow up along points in Co- I n 
general, for 1 ^ s ^ k — 1, let tt s : W s — > W s -i be the blow up along the proper transforms 
of the (s — I) -dimensional dense edges in C s -\ under 7ri • • • n s -i. Let tt = m ■ ■ ■ itu-i- Then 
W = W n -i is nonsingular and n~ l {D) has normal crossings. 

3 A family of parallelly translated hyperplanes 

3.1 An arrangement in C n X C fc 

Recall that J = {l,...,n}. Consider C k with coordinates ti, C n with coordinates 

zi,...,z n , the projection C™ x C fe -4 C n . 
Fix n nonzero linear functions on C fc , 



9j = b)t x + • • • + 6}tfc, jeJ, 
where K G C. Define n linear functions on C n x C fc , 

/j = zj + gf,- = Zj- + bjtx H h bjt k , j G J. 

In C n x C fc define an arrangement 

A = {Hj | fj = 0, j £ J}. 
Denote L> = C™ x C fe - U jeJ Hj. 



For every fixed z = (zi, . . . , z n ) the arrangement A induces an arrangement A(z) in the fiber 
over z of the projection. We identify every fiber with C k . Then A(z) consists of hyperpla- 
nes Hj(z), j G J, defined in C k by the same equations fj = 0. Denote 



the complement to the arrangement A(z). 

In the rest of the paper we assume that for any z the arrangement A(z) has a vertex. This 
means that the span of (gj)jeJ is ^-dimensional. 

A point z G C n will be called good if A(z) has normal crossings only. Good points form the 
complement in C n to the union of suitable hyperplanes called the discriminant. 

3.2 Discriminant 

The collection (gj)j£j induces a matroid structure on J. A subset C = . . . , i r } C J is a cir- 
cuit if (gi)ieC are linearly dependent but any proper subset of C gives linearly independent g^s. 

For a circuit C = {i\,. . . ,i r }, let (Xf)i^c be a nonzero collection of complex numbers such 
that X^iGC* 9i = 0- Such a collection is unique up to multiplication by a nonzero number. 




U(A(z)) =C k - U jeJ Hj(z) 
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For every circuit C fix such a collection and denote fc = SieC z i- ^he equation fc = 
defines a hyper plane He in C n . It is convenient to assume that Xf = for i G J — C and write 

For any z G C n , the hyperplanes (Hi(z))i^c m & have nonempty intersection if and only if 
z G He- If z G He, then the intersection has codimension r — 1 in C fc . 
Denote by £ the set of all circuits in J. Denote A = UceeHc- 

Lemma 3.1. The arrangement A(z) in C k has normal crossings only, if and only if z G C n — A. 

Remark 3.2. If all linear functions gj,j G J, are real, then for any circuit C G £ the numbers 
(Ap)jgc can be chosen to be real. Therefore, in that case every hyperplane He is real. 

3.3 Good fibers 

For any z 1 , z 2 G C n - A, the spaces J rp (A(z 1 )), J :p (A(z 2 )) are canonically identified. Namely, 
a vector F(Hj 1 (z 1 ), . . . , Hj p {z 1 )) of the first space is identified with the vector F(Hj 1 (z 2 ), . . . , 
Hj (z )) of the second. 

Assume that weights a = (aj)j^j are given and all of them are nonzero. Then each arrange- 
ment A(z) is weighted. The identification of spaces J rp (A(z 1 )), J rp (A(z 2 )) for z x ,z 2 G C n — A 
identifies the corresponding subspaces Sing J rk (A(z 1 )), Sing J :k (A(z 2 )) and contravariant forms. 

For a point z G C n - A, denote V = J rfc (A(z)), SingT/ = Sing7' fe (A(z)). The triple 
(V, Sing V, S^) does not depend on z G C n — A under the above identification. 

3.4 Bad fibers 

Points of A C C n will be called bad. 

Let z° G A and z G C n — A. By definition, for any p the space A p (A(z )) is obtained 
from A p (A(z)) by adding new relations. Hence A k (A(z )) is canonically identified with a quo- 
tient space of V* = A k (A(z)) and J 7P (A(z )) is canonically identified with a subspace of 
V = T p {A(z)). 

Let us consider T k (z®) as a subspace of V. Let |jrfc( 2 o) be the restriction of the contravari- 
ant form on V to that subspace. Let S^ a '(z°) be the contravariant form on J rk (A(z )) of the 
arrangement A(z°). 

Lemma 3.3. Under the above identifications, S^\jrkr z o\ = S^ a \z°). 

4 Conservation of the number of critical points 

Let A = (Hj)j£j be an essential arrangement in C k with weights a. Consider its compactification 
in the projective space P fc containing C k . Assign the weight Oqo = — J2jej a j t° the hyperplane 
H^ = ¥ k — C k and denote by A v the arrangement (i?j)j € j Uoo in ¥ k . 

The weighted arrangement (A, a) will be called unbalanced if the weight of any dense edge 
of A v is nonzero. 

For example, if all weights (aj)j^j are positive, then the weighted arrangement (A, a) is 
unbalanced. Clearly, the unbalanced weights form a Zarisky open subset in the space of all 
weights of A. 

Lemma 4.1. If (A, a) is unbalanced, then all critical points of the master function of the weighted 
arrangement (A, a) are isolated. 
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Proof. Let ir : W —> P fc be the resolution (described in Theorem 12. 1 ip of singularities of the 
divisor D = IL-gjuoo-Hj- Let $ a be the master function of (A, a). Then locally on W the function 
7r~ 1< l> a has the form 

m 

7T _1 $ a = ^a;logUi + log0(«i, . . .,u k ), 4>(0, ... ,0) / 0. 

i=l 

Here u\, . . . , Uf. are local coordinates, ^ m ^ k, the function 4>(u\, . . . , u k ) is holomorphic at 
u = 0, the equation u\ ■ ■ ■ u m = defines 7r _1 (D) in this chart. If the image of a divisor U{ = 0, 
1 ^ i ^ m, under the map ir is an s-dimensional piece of an s-dimensional dense edge of A v , 
then cti equals the weight of that edge. In particular, aj, i = 1, . . . , m, are all nonzero. 
Let U(A) = C k — Uj^jHj. The critical point equations of vr~ 1 <I> a on tt~ 1 (U(A)) are 

- + ^7T iu= 0, i = l,...,m, 4.1 

Ui (f>{u) OUi 

l dd> , , 

-(«) = 0, i = m + 1, . . . , k. 



4>{u) dui 



If the critical set of ir 1< I> a on n 1 (U(A)) is infinite, then it contains an algebraic curve. The 
closure of that curve must intersect ir~ 1 (D). But equations (|4.ip show that this is impossible. ■ 

Denote by fi(A, a) the sum of Milnor numbers of all of the critical points of <& a on U(A). 

Lemma 4.2. If (A, a) is unbalanced, then /i(A,a) = \x(U)\. 

Proof. Assume that a(s), s € [0, 1], is a continuous family of unbalanced weights of A. Then 
/x(A, a(s)) does not depend on s. Indeed, using equations (|4.ip one shows that the critical points 
cannot approach 7r~ 1 (D) as s € [0, 1] changes. For generic weights a we have fJ,(A, a(s)) = \x(U)\ 
by Theorem 12.41 Hence, //(A, a) = |x(£7)| for any unbalanced weights a. ■ 



5 Hamiltonians of good fibers 

5.1 Construction 

Consider the master function 

*CM) = ^a j logf j (z,t) 

as a function on U C C" x C k . 

Let k be a nonzero complex number. The function e*( z '*) //K defines a rank one local system L K 
on U whose horizontal sections over open subsets of U are univalued branches of e?( e $l K mul- 
tiplied by complex numbers. 

For a fixed z, choose any 7 £ Hk(U(A(z)), £k\u(a(z)))- The linear map 

{7} : A k {A(z)) ->C, lj ^ f e* (z '' }/ V 

is an element of Sing T k (A(z)) by Stokes' theorem. 

It is known that for generic k any element of Sing J- k (A(z)) corresponds to a certain 7 and 
in that case the integration identifies Sing J rk (A(z)) and Hk(U(A(z)),C K \jj(A(z)))} see [23] . 

The vector bundle 



U zeCn . A H k {U(A(z)),C K \u(A(z))) -> C n - A 
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has a canonical (flat) Gauss-Manin connection. The Gauss-Manin connection induces a flat 
connection on the trivial bundle C n x SingV — > C™ with singularities over the discriminant 
A C C n . That connection will be called the Gauss-Manin connection as well. 

Theorem 5.1. The Gauss-Manin differential equations for horizontal sections of the connection 
on C n x Sing V — > C™ have the form 

dl 

K—(z) = K j (z)I(z), jeJ, 

where I(z) € SingV is a horizontal section, Kj(z): V — > V , j 6 J, are suitable linear operators 
preserving SingV and independent on k. For every j, the operator Kj(z) is a rational function 
of z regular on C n — A. Each operator is symmetric with respect to the contravariant form S^ a \ 

Theorem 15.11 is proved in Section [5.31 A formula for Kj{z) see in (15.31) . 

The flatness of the connection for all k implies the commutativity of the operators, 

Ki(z)\smgvKj(z)\s ingV = Kj (z)\ si ng vKi(z)\ Sing V for all i,j and z € C n - A. 

Let V* be the space dual to V. If M : V — > V is a linear operator, then M* : V* — > V* 
denotes the dual operator. Let W C V* be the image of V under the map V — > V* associated 
with the contravariant form and Single C W the image of SingV. The contravariant form 
induces on W a nondegenerate symmetric bilinear form, also denoted by S^ a \ 

Lemma 5.2. For z € C n — A, the operators Kj(z)* preserve the subspaces Single C W C V* . 
The operators Kj(z)*\w ■ W — > W are symmetric with respect to the contravariant form. The 
operators Kj(z)*\singW '■ SingVK — > SingVK, j S J, commute. 

For z G C n — A, we define the quantum integrable model assigned to (A(z),a) to be the 
collection 

(SingVF; Seising W, K x (z)*| Sing w , K n (z)* | Sing w : Sing W -> Sing W) . (5.1) 

The unital subalgebra of End(SinglV) generated by operators Ki(z)*\si a gWi ■ ■ ■ )-^n(^)*|singW 
will be called the algebra of geometric Hamiltonians of (A(z),a). 

If the contravariant form is nondegenerate on V, then this model is isomorphic to the 
collection 

(SingV; Stingy; ifi(z)|singv,...,^n(z)|singv: Sing V -»> Sing V) . 

It is clear that any weighted essential arrangement with normal crossings only can be realized 
as a good fiber of such a construction. Thus, every weighted essential arrangement with normal 
crossings only is provided with a quantum integrable model. 

5.2 Key identity flOfl 

For any circuit C = {i±, . . . ,i r } C J, let us define a linear operator Lc '■ V —> V in terms of the 
standard basis of V, see Section [2. Hi 

For m = l,...,r, define C m = C — {i m }. Let {j\ < ••• < jk} C J be an independent 
ordered subset and F(Hj 1 , . . . ,Hj k ) the corresponding element of the standard basis. Define 
L c : F(H h ,. . . , H jk ) ^ if |{ji, . . . , j fe } n C| < r - 1. If {ji, . . . , j fe } n C = C m for some 
1 ^ m ^ r, then using the skew-symmetry property ()2.5p we can write 

F(Hj lf . . . ,H jk ) = ±F(H h ,Hi 2 ,. . . ,H im , . . . ,H ir _ 1 H ir ,H sl , . . . ,H Sk _ r+1 ) 
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with {si, . . . , Sk-r+i} = {ji, ■ ■ ■ , jk} ~ C m . Define 

L c : F(H h , . . . , H im , . . . , H ir , H Sl , . . . , H Sk _ r+1 ) 

r 

^ (~ 1 ) m '^2(- 1 ) la ii F ( H h^ ■ ■iH il ,...,H ir ,H sl ,... ,H Sk _ r+1 ). 
1=1 

Lemma 5.3. The map Lq is symmetric with respect to the contravariant form. 

Proof. For I = 1, ...,r, denote F t = F(H h , . . . , H in . . . , H ir , H Sl , . . . , H Sk r+1 ). It is clear 
that Lc is symmetric with respect to the contravariant form if and only if S^ a \LcF[, F m ) = 
£W (Fi, LcF m ) for all 1 ^ I, m ^ r. But both sides of this expression are equal to 
(-l) l+m a h ■■■a ir a Sl ■ ■ ■ a Sk ■ 



On C n x C k consider the logarithmic differential 1-forms 

u)j = — L , j € J, loc = C € £. 

Jj JC 

For any circuit C = {ii, . . . , i r }, we have 

r 

0J h A • • • A oj ir = oj c A ^(-l)'" 1 ^ A-'At^A'-Aw 
1=1 

Lemma 5.4. We have 

J2 [J2 w) A u n A ■ ■ ■ A ^ ® F (^i> ■ • • > H i 

independent ^ j^-J 
{j - l<-<3fc}CJ 



^ ^w C 'Aw il A---Aw ifc ®Lci i1 (flii,...,fliJ- (5-2) 



independent 
{jl<-"<Jfe}CJ 



Proof. The lemma is a direct corollary of the definition of maps Lc- 



Identity (|5.2p is a key formula of this paper. Identity f|5.2|) is an analog of the key Theo- 
rem 7.2.5 in |23j and it is a generalization of the identity of Lemma 4.2 in |27j . 



5.3 An application of the key identity ( 15.21) — proof of Theorem 15.11 

Fix k £ C x , z € C n — A, 7 € H k (U(A(z)), C K \ uiA(z)) ). Let {7} : yl fe (A(,z)) C, lj ^ 
f^e®( z,t " K cj, be the corresponding element of V. We have 



{7} 



£ (J ^a-aJ%,...,%). 



independent ^ T 
0l<-'-<3'fe}CJ 



Let z 1-4 7(2) € Hk(U(A(z)), C K \u(A(g))) be a locally constant section of the Gauss-Manin 
connection. Then 

{7(^)1 = £ f / A • • • A W J F(F, 1 , . . . , fljj. 

independent \"'7( 2: ) / 



{jl<-<Jfe}CJ 
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Lemma 5.5. The differential of the function {"f(z)} is given by the formula 
Kd{j(z)} = ^ L c{l(z)}uJc- 

Proof. The lemma follows from identity (|5.2p and the formula of differentiation of an integ- 
ral. ■ 

Lemma 5.6. For every circuit C, the operator Lq preserves the subspace Singl/. 

Proof. The values of the function {"f(z)} belong to SingF. Hence, the values of its derivatives 
belong to SingF. Now the lemma follows from Lemma 15.51 ■ 



Recall that ojq = ofclfc and fc = SjeJ z r Denote 
fc(z 



C6C 

Then 

^ujc^Lc = ^dzj ®Kj(z). (5.4) 
CgC jeJ 

Lemma 5.7. Let z H > j(z) S Hk(U(A(z)), £k\u(a(z))) be a locally constant section of the Gauss- 
Manin connection. Then 

n-^-{ 1 {z)} = K, J {z){ 1 {z)}, jeJ. (5.5) 
Lemmas 15.31 15.61 15.71 prove Theorem 15. 1[ 
5.4 Another application of the key identity (15.21) 

Recall that U is the complement to the union of hyperplanes (Hj)j^j in C n x C fc , see Section \3.1\ 
Denote by C(z,t)jy the algebra of rational functions on C n x <C k regular on U. 
For any basis vector (H^, . . . , Hj k ) of V* , let us write 



UJ 



<j 1 A • • • A ujj k = fj 1 ,...,j k {z, t)dt\ A • • • A dtk + z-part, 



where fj l ,...,j k £ C(z, t)jj and the z-part is a differential form with zero restriction to any fiber of 
the projection C n xC*-) C n (in coordinates ti, . . . , tk, Z\, ■ ■ ■ , z n , that form has at least one of 
dz%, . . . , dz n as factors in each of its summands). Define the canonical element E £ C(z, t)jy (8> V 
by the condition 

{E,l®(H jl ,...,H jlt )) = f jlt ... Jk , 

for any independent {ji, ■ ■ ■ ,jk} C J. 

Theorem 5.8. For any j G J, there exist elements hi, . . . , £ C(z, t)^ <g> V such that 

(1 ® Kj(z)) E(z, t) = (j^-q ® l) ^0, *) + £ *) ® l) kfo *)■ 
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Proof. We have 



i=l jGJ 

and 



^ A • • • A uj jk ® F(H jl ,. . . , H jk ) = E(z, t) (dt\ A • • • A dt k <g> 1) + z-part, (5.7) 

independent 
{il<-<Jfc}CJ 

where z-part is a V- valued differential fe-form with zero restriction to each fiber of the projection 
C n x C fe C n . Then identity (|53j) and formulas (|53j) . ([577]) . {ED imply the theorem. ■ 

5.5 Hamiltonians, critical points and the canonical element 

Fix z G C n — A. Recall that in Section 15.11 we have defined the quantum integrable model 
assigned to (A(z),a) to be the collection 

(SingW; S^\ SingW ; #i(»*|siBgW, • • • , K n (z)* | Si „ g w ■ Sing W -»■ Sing W) . 

Let p G U(A(z)) be an isolated critical point of the master function $>(z, •) : U(A(z)) — > C. 
Let Ap^ be the local algebra of the critical point and [ ] : ^(t)u{A{z)) ~^ A p ^ the canonical 
projection. Denote by Hess^ the Hessian of $(z, •) with respect to variables ti, ... , 

Let E G l C{t)u{A(z)) V he the canonical element associated with A(z), see Section f2. 101 
Denote by [E] its projection to A p ^ <S> V. By Lemma [2.61 we have [E] G A p ^ <8> Singl/. Let 
V — > W be the map associate with the contravariant form and [E] the image of [E] under the 
induced map A Pt $ ® Sing V — > A p ^ ® Sing W, 

[E] G ® Sing VF. 

Theorem 5.9. We have 

(i) S( a ) ([£],[£]) = (-l) fc [Hess( a )], 
(ii) (1 ® = {fa/fjiz, •)] ® 1)[S] /or j G J. 

Proof. Part (i) follows from Theorem 12.81 Part (ii) follows from Theorem [5? 



Remark 5.10. The elements [aj / fj(z, ■)], j G J, generate A p § due to Lemma [2.51 and the 
assumption (a,j ^ for all j). 

6 Asymptotic solutions and eigenvectors of Hamiltonians 

6.1 Asymptotic solutions, one variable 

Let u be a variable, W a vector space, M(u) G End(M^) an endomorphism depending holomor- 
phically on u at u = 0. Consider a differential equation, 

k^-(u) =M(u)I(u) (6.1) 
du 

depending on a complex parameter k G C*. 



22 



A. Varchenko 



Let P{u) £ C, (w m (u) € W) m £z >Q be functions holomorphic at w = and u>o(0) ^ 0. The 
series 



oo 



/(n, «) = e p (")/ K Wm{u)K m (6.2) 

m=0 

will be called an asymptotic solution to (16. ip if it satisfies (16.ip to all orders in k. In particular, 
the leading order equation is 

dP 

——{u)wq(u) = M(u)wq(u). (6.3) 
du 

Assume now that 
M_i 

M (u) = : - + M + Mi« + • • • , Mj G End(P^), 

has a first order pole at u = and I(u,k) is a series like in (|6.2p . The series I(u,k) will be 
called an asymptotic solution to equation (|6,ip with such M(u) if it satisfies (I6.ip to all orders 
in k. In particular, the leading order equation is again equation (|6.3|) . Equation (|6.3p implies 

u/ (0) € ker M_!, £^(o)™ (0) = M w Q (0) + M_i^(0). (6.4) 
du du 

6.2 Critical points of the master function and asymptotic solutions 

Let us return to the situation of Section [3l 

Let t(z) be a nondegenerate critical point of $(2, • ) : U(A(z)) — > C. Assume that t(z) 
depends on z holomorphically in a neighborhood of a point z° € C n . Fix a univalued branch 
of $ in a neighborhood of (z°,t(z )) (by choosing arguments of all of the logarithms). Denote 
*(z) = *(z,t(z)). 

Let B C C k be a small ball with center at t(z°). Denote 

B- = {t£B \ Re$(z°,t(z )) > Re $(z°,t)}. 

It is well known that Hk(B, B~; Z) = Z, see for example [I]. There exist local coordinates 
ux, . . . , Uk on C k centered at t(z°) such that $>(z°, u) = —u\ — ■ ■ ■ — u\ + const. Denote 

5= {(«!,..., u k ) eR k | «? + ---+«|<e}, 

where e is a small positive number. That 5, considered as a /c-chain, generates H^iB, B~; Z). 
Define an element {5} (z, k) € V by the formula 

{5}(z,k) : y* ->C, w K" fc / 2 / e^/"^*)- (6.5) 



a 



Recall that any element u G V* is a linear combination of elements (-f^, • • • ,Hj k ) and such an 
element (Hj l , . . . , Hj k ) is identified with the differential form 

u h A ••• Au jk = df jl (z,t)/f jl (z,t) A • • • A df jk (z,t)/f jk (z,t). 

In (|6.5p we integrate over <5 such a differential form multiplied by e*( z,t " re . 

The element {(5}(z, k) as a function of z, k is holomorphic if z is close to z° and k ^ 0. 
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Theorem 6.1. 

(i) Let k G R and k — > +0. Then the function {6}(z, n) has an asymptotic expansion 

oo 

{6}(z,n)=e^ z y K J2 w m(z)K m , (6.6) 

m=0 

where (w m (z) G y) me z> are functions of z holomorphic at z° and 

ifere is i/ie special vector associated with the critical point (z, t(z)) of the function 

&(z, •), see Section f2. 10L The sign ± depends on the choice of the orientation of 5. 

(ii) The asymptotic expansion (16, 6|) gives an asymptotic solution to the Gauss-Manin diffe- 
rential equations (|5.5[) . 

(Hi) The functions (w m (z)) m ^ >0 take values in Singl/. 

Part (z) of the theorem is a direct corollary of the method of steepest descent; see, for 
example, § 11 in pQ. Part (ii) follows from Lemma 15.41 and formula of differentiation of an 
integral. Part (Hi) follows from Stokes' theorem. 

Remark 6.2. The definition of 5 depends on the choice of local coordinates u\, . . . ,Uk, but 
the asymptotic expansion (I6.6P does not depend on the choice of 5 since the difference of the 
corresponding integrals is exponentially small. 

Corollary 6.3. Let z° , t = t(z), ^f(z) be the same as in Theorem \6.1[ Assume that z° G C n — A. 
In that case the operators Kj(z°)\smgV '■ Sing V — > Sing V, j G J, are all well-defined, see (|5.3|) . 
and we have 




3 e J, 



Thus, the special vector v(z° ,t(z )) is an eigenvector of the geometric Hamiltonians Kj(z°). 

Proof. The corollary follows from equation (|6.3|) . ■ 

Note that §-(z°) = jj^yy 

Remark 6.4. The Gauss-Manin differential equations (|5,5p have singularities over the discrimi- 
nant A C C n . If z G A, then expansion (|6.6p still gives an asymptotic solution to equations (|5.5p 
and that asymptotic solution is regular at z°. 

7 Hamiltonians of bad fibers 
7.1 Naive geometric Hamiltonians 

Let us return to the situation of Section Let z° G A and z G C n — A. We have 
Sing F k (A(z )) C Sing7- fe (A(z)) C J rk (A(z)), 

Sing F k (A(z )) C F k (A(z )) C T k (A(z)), (7.1) 
Sing F k (A(z )) = F k (A(z )) n (Sing T k (A(z))), 

sec Section E31 Recall that F k (A(z)) was denoted by V. 



24 



A. Varchenko 



Consider the map V — > V* corresponding to the contravariant form. In Section 15.11 we 
denoted the images of V and SingF by W and Single, respectively. We denote the images of 
J rk (A(z )) and Sing J rfc (A(z )) by W(z°) and Sing W(2: ), respectively. We have 

SingW(z°) C Single C W, SmgW(z°) C W(z°) C W. 

Recall that A is the union of hyperplanes He, C G <£. Denote 

er = {c g e | z° e h c }. 

Consider the operator- valued functions Kj(z) :V—tV,jGJ, given by formula (|5.3p . Denote 

= E St) L C> K}(z) = Kj (z) - K°(z). 

Each of the summands of K®(z) tends to infinity as z tends to z° in C n — A. The operator-valued 
function Kj(z) is regular at z°. 

The operators Kj(z)*, L* c preserve the subspaces SingM^ C W C V* and are symmetric 
operators on W with respect to the contravariant form on W. The operators Kj(z)* restricted 
to SingW^ commute. 

The point z° G A defines an edge X z o of the arrangement (Hc)ce£, where X z o = r\cet Hc- 
Denote by T z o the vector space of constant vectors fields on C n which are tangent to X z o, 




Lemma 7. 1 . For any £ G T z o , 

(i) The linear operator 

K^z) = Y,CjK J (z): V^V, 

considered as a function of z, is regular at z°, moreover, 
K^z)=Y J i ] K}{z). 

(ii) The linear operator K^(z°) preserves the subspace J :k (A(z )) C V. 
(Hi) The dual linear operator 

K^(z)* : V* -> V*, 

considered as a function of z, is regular at z°, moreover, 

Ks(zy = J2tjK}(zT- 

j&J 

(iv) The linear operator K^(z )* preserves the subspace SingW(z°) C V* . 

Proof. Parts (Hi), (iv) follow from parts (i), (ii). Part (i) is clear. Part (ii) follows from 
a straightforward calculation. ■ 

The operators K^(z )* preserve the subspace SingW(z°). The operators 

K^TkngWiz") ■ SmgW(z°) -> SmgW(z°), £ G T z o, 

form a commutative family of linear operators. The operators are symmetric with respect to the 
contravariant form. These operators will be called naive geometric Hamiltonians on Sing W(z°). 
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7.2 Space T k (A(z )) and operators Lc 
Lemma 7.2. 

(i) The space J- k (A(z )) lies in the kernel of Lc '■ V — > V for any C G Co- 

(ii) The space W(z°) lies in the kernel of L* c \\y '■ W — > W for any C G Co- 

(Hi) For any C G Co, the image of T c \w is orthogonal to W(z°) with respect to the contravariant 
form. 

Proof. Part (i) follows from a straightforward easy calculation. Part (ii) follows from part (i). 
Part (Hi) follows from part (ii) and the fact that L* c is symmetric. ■ 

7.3 Conjecture 

Conjecture 7.3. Let z° G A. Assume that the contravariant form restricted to Sing W(2°) is 
nondegenerate. Let pr : SingW — > SingW(z°) be the orthogonal projection with respect to the 
contravariant form. Then the linear operators 

wK}(z )*\ SingWiz0) : Sing^(z°) SmgW(z°), j G J, 

commute and are symmetric with respect to the contravariant form. 

For z° G A, we define the quantum integrable model assigned to (A(z ), a) to be the collection 

(SmgW(z°), S^\ SiDgW(z0) , 

P TK}(z )*\ SiQgWiz o ) : SmgW(z°) -> SmgW(z°), where j G J). 

The unital subalgebra of End(Sing W(z )) generated by operators 

PTKj(z ) |singVK(z )> JtJ, 

will be called the algebra of geometric Hamiltonians of (A(z°),a). 

Note that the naive geometric Hamiltonians are elements of the algebra of geometric Hamil- 
tonians, since for any £ = ^ Xy z0 i we have 

K d Z °Y\singW(z°) = ^ £jPr-Kj (^°) *lsin K W(z°)- 

In the next section we prove the conjecture under Assumption 17.41 of certain positivity and 
reality conditions, see Theorem 17.51 In Section [9] more results in this direction will be obtained, 
see Theorems 19.161 and 19.171 For applications to the Gaudin model an equivariant version of the 
conjecture is needed, see Sections [TOl and [TT1 

7.4 Positive (aj) jeJ , real (flfj)ieJ 

Assumption 7.4. Assume that all weights aj, j G J, are positive and all functions gj = 
bjt\ + • • • + bjtk, j G J, have real coefficients b % y 

The space V has a real structure, V = Vr <S>r C, see Section [2.121 Under Assumption 17.41 all 
subspaces in (|7.ip are real (can be defined by real equations). The contravariant form is 
positive definite on Vr and is positive definite on the real parts of all of the subspaces in (|7.ip . 

Denote by pr : SingF — > Sing T k (A(z )) the orthogonal projection. 

Theorem 7.5. Assume that Assumption ^ A\ is satisfied and z° G A. Then the operators 

prK}(z°)\ Sing ^ {A{z0)) : SingJ- fe (A(z )) -> Sing T k (A(z )), j G J, 
commute and are symmetric with respect to the contravariant form. 
Theorem 17.51 proves Conjecture 17.31 under Assumption 17.41 
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7.5 Proof of Theorem EH for z° £ A n K n 

Assume that z° G A n W l . Let r : (C,R,0) ->■ (C n ,R n ,z°) be a germ of a holomorphic curve 
such that r(u) € C n — A for m / 0. For u G R>o, the arrangement A(r(u)) is real. Denote 
C/(r(tt))R = (C k - Uj(zjHj(r(u))) CiR k . Let U(r(u)) K = U a D a (r(u)) be the decomposition into 
the union of connected components. We label components so that for any a, the component 
D a (r(u)) continuously depends on u > 0. Let A be the set of all a such that D a (r(u)) is 
bounded. Let A\ be the set of all a such that D a (r(u)) is bounded and vanishes as u — > +0 
(the limit of D a (r(u)) is not a domain of A(z )). Let ^2 be the set of all a such that D a [r(u)) 
is bounded and the limit of D a (r{u)) as u — > is a domain of A(z°). We have ^4 = U and 

A 1 nA 2 = 0. 

All critical points of $(r(ii), • ) lie in U Q , Gj 4-D a (r(w)). Each domain D a (r(u)) contains a unique 
critical point (r(u),t(u) a ) and that critical point is nondegenerate. Denote by v(r(u),t(u) a ) G 
SingV the corresponding special vector. That vector is an eigenvector of the geometric Hamil- 
tonians, 

J^(r(u))w(r(n),t(u) Q ) = - ° J v{r(u),t{u) a ), j G J. 

fj{r{u),t{u) a ) 

If a € A2, then all eigenvalues 1/ fj(r(u),t(u) a ), j G J, are regular functions at it = 0. If a € Ai, 
then there is an index j £ J such that aj/ fj(r(u),t(u) a ) — > 00 as u — > 0. 

Lemma 7.6. T/ie span (f (r(u), i(tt) a ))aeA 2 has a limit as u — > +0. That limit is Sing ^(z ) C 
Singy. Similarly, the span (v(r(u),t(u) a )) a £A 1 has a limit as u — > +0. That limit is 
(Sing ^(z ))^ C SingF where - 1 denotes the orthogonal complement. 

Proof. The lemma follows from Theorem 12.91 and Corollary 12.101 ■ 

Assume now that a curve r(u) = (zi(u), . . . ,z n (u)) is linear in u. Then for any j we have 
K?(r(u)) = Nj/u where Nj : S'mgV ->• SingV is an operator independent of u. 

Lemma 7.7. The image of Nj is a subspace of (Sing J- k (z ))^ . 

Proof. The lemma follows from Theorem 12.91 and Corollary 12.101 ■ 



By formula (|6.4p and Lemma 17771 for any a G A2 we have 



a i 



T u(r(0),t(0) a ) = K}(r(0))v(r(0),t(0) a ) +v u 



fMo),t(o) a 

where V\ G (Sing J rfc (2°))- L . Thus, 

priCj(r(0))u(r(0),t(0) a ) = 1 «(r(0),t(0) a ). (7.2) 

Thus, all operators prK-(r(0)) are diagonal in the basis (v(r(0),t(0) a )) a£ A 2 of Sing J :k (A(z )). 
Equation (|7.2p finishes the proof of the commutativity of operators prK|(z°). 

The symmetry of the operators prKj(z°) with respect to the contravariant form follows from 
the fact that operators pvKj(z°) are diagonal in the orthogonal basis (v(r(0),t(0) a )) a€ A 2 - 
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7.6 Proof of Theorem 17.51 for any z° £ A 

Consider the arrangement (-Hc)ceC m C n and its arbitrary edge X. The arrangement [Hc)c&€ 
is real, see Remark 13.21 The edge X is the complexification of X n W 1 . 
Denote 

X = X - \J C ^€-€ X X n H c . (7.3) 

For any z , z 2 G X, the subspaces 

Sing7- fe (A(z 1 )) C SingV, SingJ- fc (A(z 2 )) C SingV 

coincide. Denote that subspace by Sing J rk (A(X)) C SingV. 

For z G X, the operators prKj(z) : Sing J rfc (A(X)) — >• SingJ r ' c (A(X)), j G J, depend on z 
holomorphically. The operators commute and are symmetric for z G X D K n , by reasonings in 
Section [7.51 Hence they commute and are symmetric for all z G X. 

7.7 Critical points and eigenvectors 

Theorem 7.8. Assume Assumption 17.41 Ze£ z° G A and Zei p be a critical point of $>(z°, ■ ) : 
U(A(z )) — > C. Then the corresponding special vector v(z° ,p) G Sing J- k (z°) (if nonzero) is an 
eigenvector of the operators prKj(z°), j G J, 

P rK}(z°)v(z°,p) = J ^v( Z °,p). (7.4) 

Proof. If z° G A n M n , then the theorem is just a restatement of formula (|7.2[) . 

Assume that z° is an arbitrary point of A. Then there exists an edge X of the arrangement 
(Hc)ce<t such that z° G X, see (|7.3p . For z° G X, all objects in formula (|7.4p depend on z° 
algebraically. Hence, the fact, that formula (]7.4p holds for all critical points if z G X n M n , 
implies Theorem 17.81 for any z° G X. ■ 

7.8 Hamiltonians, critical points and the canonical element 

Let Assumption 17.41 be satisfied. Fix z° G A. We have defined the quantum integrable model 
assigned to (A(z°),a) to be the collection 

(Sing7- fe (A(z )); 5^ | Sing ^ (A( , 0)) ; 

P r ^](^°)lsmg^(A( z °)) : SingJ- fc (A(z )) Sing7- fc (A(z )), where j G J), 

see Section [731 

Let p G U(A(z )) be an isolated critical point of the function $(z°, •) : U(A(z )) — »■ C. 
Let ^4 P) <j> be the local algebra of the critical point and [ ] : C(tWjU« )) — ^ A>>* the canonical 
projection. Denote by Hess^ the Hessian of ■ ). 

Let i£ G C(<)[/(a( 2 o)) ® J rfc (A(z )) be the canonical element associated with A(z°), see Sec- 
tion 12.101 Denote by [E] the projection of the canonical element to A p ^ ® J-~ fc (A(z )). By 
Lemma EU we have 

[£] G^ p ,$®Sing^ fc (A(z )). 

Theorem 7.9. We have 

(i) S^([E],[E]) = (-l) fe [Hess( a )], 

(ii) (1 ® prtfj(z ))[£] = (hV/^z, ■)] ® !)[£] /or j G J. 
Proof. Part (i) follows from Theorem 12.81 Part (ii) follows from Theorem 17.81 ■ 
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8 Geometric interpretation of the algebra of Hamiltonians 

8.1 An abstract setting 

Let k < n be positive integers and J = {1, . . . , n} as before. 

Let F be a germ of a holomorphic function at a point p G C k . Assume that p is an isolated 
critical point of F with Milnor number fj, p . Let A P) p be the local algebra of the critical point 
and ( , ) p the residue bilinear form on A Pt p, see (|2.3|) . Denote by [Hess F] the projection to A P) p 
of the germ deti^ >m ^fc (d 2 F/8t l dt 

Let h\, ... , h Pp be a C-basis of A Pi p. Let g\, . . . ,g n G A p ^p be a collection of elements such 
that the unital subalgebra of A Pt p generated by g±, . . . , g n equals A P) p. 

Let W be a vector space with a symmetric bilinear form S. Let Mj : W — > W, j G J, be 
a collection of commuting symmetric linear operators, 

MiMj = MjMi, S(MjU, v) = S(u, Mjv) for all i,j e J and u, v G W. 

Assume that an element 

w = hi ®wi £ A Pt p <g) W 
z=i 

is given such that 

Mp m 

^ /i, ® Afj-wj = flij-Ti, «;,, j G J, (8.1) 

!=1 Z=l 
Mp 

S(wi,w m )hih m = (-l) fc [HessF]. (8.2) 

l,m=l 

Denote by Y C W the vector subspace generated by w\, . . . , w;^ . By property (|8.ip . every Mj, 
j G J, preserves F. Denote by Ay the unital subalgebra of End(Y) generated by Mj\y, j G J- 
The subspace Y is an Ay-module. Define a linear map 

tip 

a : A PtF — >■ Y, f \-+ ^(/, fc-OpWj. 

z=i 

Theorem 8.1. 

(i) T/ie map a : A P) p — >• Y is an isomorphism of vector spaces. The form S restricted to Y is 
nondegenerate. 

(ii) The map gj i— > Mj\y, j G J, extends uniquely to an algebra isomorphism (3 : A P) p — > Ay. 

(iii) The maps a, /3 give an isomorphism of the regular representation of A P) p and the Ay- 
module Y , that is MjCt(f) = a(gjf) for any f G A P) p and j G J. 

(iv) Define the value w(p) of w atp as the image of w under the natural projection A p p®W — > 
A Pj f /m p ®W = W . Then w(p) = a(Hess F)/[i p and the value w(p) is nonzero. The vector 
w(p) is the only (up to proportionality) common eigenvector of the operators Mj\y, j G J, 
and we have Mjiv(p) = gj(p)w(p). 

This theorem is an analog of Theorem 5.5 and Corollary 5.6 in [TS]. The proof is analogous 
to the proofs in [15]. 
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8.2 Proof of Theorem [87T1 

Lemma 8.2. We have Mja(f) = a(gjf) for any f G A Pi p, j G J. 

Mp m 

Proof. We have MjCt(f) = J2(f,hi) p MjWi. By (|8.ip . that is equal to J2(f> 9jhi)p w i 

l=i l=i 

m 

Y,(9jf,hi) P Wi = a(gjf). 
i=i 

Define a bilinear form ( , )$ on A p ^p, 

ftp 



(f,g)s = S{a(f),a(g)) = ^ S{w h w m ){f \hi) p (g,h. 



m Jp- 

l,m=l 

Lemma 8.3. We have {fg,h)s = {f,gh)s for all f,g,h G A P) p. 

Proof. Since gj, j G J, generate A p ^p it is enough to show that (fgj,h)$ = (f,gjh)s for all 
f,he A PtF , j G J. We have (/#,%'= S (a(f g 3 ) , a(h)) = S(M ja (f),a(g)) = S(a(f), M ja (g)) 
= S{a(f),a(gjh)) = (f,gjh)s- ■ 

Lemma 8.4. There exists a unique element s G A Pt p such that (f,g)s = ( s f,g)p f or a H f,g£ 
A Pi f- 

Proof. Consider the linear function A P: p — > C, / i-> (l,f)s- Since the bilinear form ( , , ) p 
is nondegenerate there exists a unique s G A Pt p such that (l,/)g = (s,f) p for any / G 
Hence for any /, 5 G A PijF we have (/, 5)5 = (1, fg) s = (a, fg) p = (sf, g) p . ■ 

Lemma 8.5. For any f G A P) p, the trace of the linear operator Lf : A P) p — > A Pt p, h 1— > fh, is 
given by the formula tr Lf = (/, [HessF]) p . 

Proof. We have trLi = fi p = (1, [HessF]) p and tr Lf = = (/, [HessF]) p for any / G xa p . This 
proves the lemma. ■ 

Let h\, . . . , h* be a C-basis of A P) p dual to hi, ... , h^ p with respect to the form ( , ) p . Then 

Mp Mp 

([Hess F], h*) p hi = [HessF]. Indeed, for any / G A p ^p we have ^2(f, h*) p hi = f. 
1=1 1=1 

Mp 

Lemma 8.6. We have ^ hih* t = [HessF]. 

1=1 

Mp Mp 

Proof. For any/GA PijF , wehavetrL /= J2{h$,fhi) p = ^2(h*hi, f) p and trLj= (/, [Hess F\) p . 

1=1 1=1 

This proves the lemma. ■ 

Lemma 8.7. Let s G A P) p be the element defined in Lemma [8. 41 Then s has the following two 
properties: 

(i) the element s is invertible and projects to (— l) k in C = A Pi p/xa p , 
(ii) the form (, )g is nondegenerate. 

Proof. To prove the lemma it is enough to show that (— l) fc [Hess F] = s [HessF]. Indeed, on 
one hand we have 

i'i> 



{f,g)s= ^2 S ( W U W m){f,h)p{g,hm)p 



l,m=l 



30 



A. Varchenko 



On the other hand we have 

Hp 

(f,g)s = (sf,g) p = ^2(sf, hi) p (g,h*)p. 
1=1 

flp f_Lp flp 

Hence, S(wi, w m )hi ® h m = J2 shi ® h* in A p>F ® A PyF . Therefore, S(wi,w m )hih m = 

l,m=l 1=1 l,m=l 

Hp 

shih*. By Assumption f|8.2[) and Lemma [8761 we obtain (— l) fc [Hess F] = s[HessF]. ■ 

1=1 

Hp Hp 

Let us prove Theorem 18.11 Assume that ^ Xiwi = with A; G C. Denote h = ^ Aj/i*. 

i=i i=i 
Then a(h) = and (f,h)s = S(a(f),a(h)) = for all / G A PjF - Hence h = since (, )s is 

nondegenerate. Therefore, A; = for all I and the vectors vi, . . . ,^ r are linearly independent. 

This proves part (i) of Theorem 18.11 Parts (ii) and (Hi) follow from Lemma 18.21 

8.3 Remark on maximal commutative subalgebras 

Let A be a commutative algebra with unity element 1. Let B be the subalgebra of End(^4) 
generated by all multiplication operators Lf : A — > A, h i-> //i, where f £ A. 

Lemma 8.8. T/ie subalgebra B is a maximal commutative subalgebra o/End(j4). 

Proof. Let T G End(,4) be such that [T, L/] = for all f € A. Then T = L T{1) . U 

Corollary 8.9. Under assumptions of Section 18.11 the algebra Ay is a maximal commutative 
subalgebra o/End(Y). 

8.4 Interpretation of the algebra of Hamiltonians of good fibers 

Under notations of Section [3] fix a point z G C n — A. Recall that in formula (|5.ip we have 
defined the quantum integrable model assigned to (A(z),a) to be the collection 

(SingVF; Seising ^nsmgwv.-^n^rismgw: Sing W -> Sing W) . 

Let p € U(A(z)) be an isolated critical point of the master function &(z, ■ ) : U(A(z)) — > C. 
Let be the local algebra of the critical point and ( , ) p the residue bilinear form on A p ^. 
Let [E] G ® Sing W be the element corresponding to the canonical element, see Section [531 

Define a linear map 

a p : Ap^ -> Sing W, H- (5, 

Denote Y p the image of a p . 
Theorem 8.10. 

(i) We have ker a p = 0. 

(ii) The operators Kj(z)* preserve Y p . Moreover, for any j G J, g £ A p> $, we /jawe 
a P (ga>j/[fj(z, •)]) = Kj(z)*a p (g). 
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(Hi) Define the value [E](p) of [E] at p as the image of [E] under the natural projection A p ^ (g> 
Single — > Ap^/mp ® SingVK = Single. Then the value [E](p) is nonzero. The vector 
[E](p) is the only (up to proportionality) common eigenvector of the operators Kj(z)*\y p ■ 
Y p — > Y p , j G J , and we have 

Proof. By Theorem 15.91 and Remark f5. 101 the objects Sing W, S^ a ' |singW, Kj(z)*\smgW, M, 
[dj/fj(z, •)], j € J, satisfy the assumptions of Theorem 18.11 Now Theorem 18.101 follows from 
Theorem 18.11 ■ 

Theorem 8.11. The linear map a p identifies the contravariant form on Y p and the residue form 
( , ) p on A p ^ multiplied by (— l) k , 

S^(a p (f),a p (g)) = (-l) k (f,g) p (8.3) 
for any f,g € A p ^. 

Proof. If the Milnor number of p is one, then the theorem follows from Lemma 18.71 If the 
Milnor number is greater than one, the theorem follows by continuity from the case of the 
Milnor number equal to one, since all objects involved depend continuously on the weights a 
and parameters z. 

Note that the theorem says that the element s of Lemma f8.7l in our situation equals (— l) k . ■ 

Remark 8.12. In formula (18.3|) . each of a p (f), a p (g) is given by the Grothendieck residue, so 
each of a p (f), a p (g) is a /c-dimensional integral. The quantity (f,g) p is also a /c-dimensional in- 
tegral. Thus formula (|8.3p is an equality relating a bilinear expression in fc-dimensional integrals 
to an individual £>dimensional integral. 

Denote by Ay p the unital subalgebra of End(l^) generated by Kj(z)*\Y p , j € J- 

Corollary 8.13. 

(i) The map [aj / fj(z, ■)] ^ Kj(z)*\y p , j € J, extends uniquely to an algebra isomorphism 
P p : A Pi § — > Ay v . 

(ii) The maps a p , f3 p give an isomorphism of the regular representation of A p ^ and the Ay p - 
module Y p , that is {3 p (h)a p (g) = a p (hg) for any h,g 6 A p ^. 

(Hi) The algebra Ay p is a maximal commutative subalgebra of End(YJ,) . 

(iv) All elements of the algebra Ay p are symmetric operators with respect to the contravariant 
form . 

Theorem 8.14. Let pi,...,Pd be a list of all distinct isolated critical points of &(z, ■). Let 
Yp a = ct Pa (A Pa ^) C Sing W, s = 1, . . . ,d, be the corresponding subspaces. Then the sum of these 
subspaces is direct. The subspaces are orthogonal. 

Proof. It follows from Theorem 18.101 that for any s = 1, . . . , d and j G J the operator Kj(z)* — 
aj/ fj(z,p s ) restricted to Y Pa is nilpotent. We also know that the numbers aj / fj(z,p s ) separate 
the points pi, . . . ,pa- These observations imply Theorem 18. 141 ■ 

Corollary 8.15. The sum of Milnor numbers of the critical points pi,...,Pd is not greater than 
the rank of the contravariant form |sing w- 
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Denote Y = (Bg =1 Y Ps . Denote by Ay the unital subalgebra of End(Y~) generated by Kj(z)*\y, 
j £ J. Consider the isomorphisms 

a = ef =1 a Ps : ® d s= lAs,^ -> ® d s =iY Ps , P = ©f=i& ■ ® d s =iAp 3 ,<s> -»• ®t=iA Ypa - 
Corollary 8.16. We have 
(*) ^ = 0f =1 A Ps , Yps ; 

(zi) Ay is a maximal commutative subalgebra o/End(Y~). 

(iii) The isomorphisms a, (3 identify the regular representation of the algebra ©^ =1 A, Sj $ and 
the Ay -module Y . The isomorphism a identifies the contravariant form on Y and the 
residue form ( , ) = ffif = i( , ) Ps on (Bg =1 A ps ^ multiplied by (— l) fc . 

d 

(iv) In particular, if the dimension of Singly equals the sum of Milnor numbers ^ fi s , then the 

s=l 

module Single over the unital subalgebra o/End(Sing W) generated by geometric Hamilto- 
nians Kj{z)* (singly : Single — > Single, j £ J, is isomorphic to the regular representation 
of the algebra Og =1 A Psi $. 

(v) If for z € C n — A the arrangement (A(z),a) is unbalanced, then the module SingW^ over 
the unital subalgebra of End(Sing W) generated by geometric Hamiltonians -Kj(z)*|singW , 
j € J, is isomorphic to the regular representation of the algebra ©f =1 Ap S) $. 

Corollary 8.17. If for z € C n — A the arrangement (A(z),a) is unbalanced, then the contrava- 
riant form is nondegenerate on Sing J 7k (A(z)). 

Proof. Indeed in this case the sum of Milnor numbers of critical points of the master function 
equals \x(U(A(z)))\ and equals dim Sing J :k (A(z)). ■ 

8.5 Interpretation of the algebra of Hamiltonians of bad fibers 
if Assumption 17.41 is satisfied 

Let Assumption 17.41 be satisfied. Fix z° £ A. We have defined the quantum integrable model 
assigned to (A(z°),a) to be the collection 

(Sing7- fc (A(z )); | Sing ^ (A( ,o )); 

k x {f),...,k n [f) : SingJ- fc (A(z )) ^ Sing ^ (A (/))), 

where Kj{z°) = wKj{ z °)\smgJ rk (A(z°))i see Theorem 17.51 

Let p G U (A(z )) be an isolated critical point of the master function • ) : U(A(z )) — s> C. 

Let A p ^ be the local algebra of the critical point and ( , ) p the residue bilinear form on A p ^. 
Let [E] € A p ^ <S> Sing J rfc (A(2; )) be the canonical element corresponding to the arrangements 
A(z°), see Section ESI 

Define a linear map 

a p : A p ^ -»■ SmgT k (A(z )), g (g, [E]) p . 
Denote Y p the image of a p . 

Theorem 8.18. Let Assumption ^ .41 be satisfied. Then 

(i) We have ker a p = 0. The isomorphism a p identifies the contravariant form on Y p and the 
residue form ( , ) p on A p ^ multiplied by (— l) k . 
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(ii) For any j £ J, the operator Kj(z°) preserves Y p . Moreover, for any j € J and g € A p ^, 
we have a p (gaj /[fj(z° , •)]) = Kj(z°)a p (g). 

(Hi) Define the value [E](p) of [E] at p as the image of [E] under the natural projection A p ^ <S> 
SingJ rfc (A(z )) A p ^/m p ®SmgT k (A(z )) = Sing J* (A(z )) . Then the value [E](p) is 
nonzero. The vector [E](p) is the only (up to proportionality) common eigenvector of the 
operators Kj(z°)\y p ■ Y p — > Y p , j € J, and we have 

Denote by Ay the unital subalgebra of End(l^) generated by Kj(z°)\y , j € J- 

Corollary 8.19. Let Assumption ^ A\ be satisfied. Then 

(i) The map [aj / fj(z° , •)] i— >■ Kj(z°)\y p , j £ J, extends uniquely to an algebra isomorphism 
Pp '■ A P) ^ — > Ay p ■ 

(ii) The maps a p , f3 p give an isomorphism of the regular representation of A p ^ and the Ay p - 
module Y p , that is (5 p (h)a p (g) = a p (hg) for any h,gE A p ^. 

(Hi) The algebra Ay p is a maximal commutative subalgebra of End(Y^) . 

Recall that under Assumption 17.41 all critical points of • ) are isolated, the sum of their 

Milnor numbers equals dim Sing J rk (A(z )) and the form S^ a ' IsingJ^AOz )) * s nondegenerate. 

Theorem 8.20. Let Assumption 17.41 be satisfied. Let pi, ■ ■ ■ ,Pd be a list of all distinct critical 
points of$(z°, ■). Let Y Ps = a Ps (A Ps ^) C Sing J rk (A(z )), s = 1, . . . , d, be the corresponding 
subspaces. Then the sum of these subspaces is direct, orthogonal and equals Sing J rk (A(z )). 

Denote by Au z a\ a the unital subalgebra of End(Sing J rk (A(z ))) generated by Kj(z°), j € J. 
The algebra A&(z°),a i s called the algebra of geometric Hamiltonian of the arrangement (A(z°), a), 
see Section EU 

Consider the isomorphisms 

a = ® d 8=1 a Pa : ©f=iA^* -> Sing 7^ (A (z )) = ® d s=1 Y Ps , 
(3 = ®s = i(3.s '■ © s =iA?s>* ~> ®s=iAy Ps ■ 
Corollary 8.21. Let Assumption ^ A\ be satisfied. Then 

(*) Mz°),a = ® d s=l A Y Ps ■ 

(ii) A&(z°),a is a maximal commutative subalgebra of End(Sing T k (A(z ))). 

(Hi) The isomorphisms a, (3 identify the regular representation of the algebra ©f =1 A Ps) $ and the 
Afc( z o\ a -module Sing J- k (A(z )). The isomorphism a identifies the contravariant form on 
Sing J rk (A(z )) and the residue form ( , ) = ©s=i( > )p s on ®s=iA Ps ,$> multiplied by (— l) k . 

9 More on Hamiltonians of bad fibers 

9.1 An abstract setting 

Let k < n be positive integers and J = {1, . . . , n} as before. 

Let B C C k be a ball with center at a point p. Let F u be a holomorphic function on B depen- 
ding holomorphically on a complex parameter u at u = 0. Assume that Fq = F u= q has a single 
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critical point at p with Milnor number fi. Let C(t)s be the algebra of holomorphic functions 
on B, I u C C(t)B the ideal generated by dF u /dti, i = 1, . . . ,k, and A u = C(t)s// U . Assume that 
dime A u does not depend on u for u in a neighborhood of 0. Let [] u : C(t)# — > A u be the cano- 
nical projection, ( , ) u the residue bilinear form on A u and Hessi 7 ^ = deti<^i :rn ^k(d 2 F u /dtidt m ). 

Let hi, ■ ■ ■ , hfj, S C(t)s be a collection of elements such that for any u the elements [hi] u , . . . , 
[/i^] n form a C-basis of j4 u . 

Let gi jU , . . . ,g n ,u G C(t)s be elements depending on u holomorphically at u = and such 
that for any u (close to 0) the unital subalgebra of A u generated by [<7i )U ] u , ■ ■ ■ , [ffra,u]u equals A u . 

Let W be a vector space with a symmetric bilinear form S. For u ^ 0, let Mj jU : W — > W, 
j £ J, be a collection of commuting symmetric linear operators, 

Mi, u M jtU = M j)U M ijU , S(M jtU x, y) = S(x, M j)U y) for all i,j € J and x, y € W. 

We assume that every Mj tU depends on u meromorphically (for u close to 0) and has at most 
simple pole at u = 0, 

M ijU = + Mj 0) + Mj. 1 ^ + • • • , Mj e End(Ty). (9.1) 

Let 

w i,ui • • • ) 'W/ijit € be a collection of vectors depending on u holomorphically at u — 0. 
Consider the element 

j=i 

Assume that for every nonzero u (close to 0) we have 

n fj, 

® M jiU wi iU = ^2[9j,u]u[hi] u ® m,u, 3 G ^ ( 9 - 2 ) 
H=i i=i 

and for every u (close to 0) we have 

Hp 

^ 5'(w/ iU ,'u; m>u )[^] n [/i m ] u = (-l) fc [HessF u ] n . 

i,m=l 

For any u, denote by Y u C W the vector subspace generated by w\ jU , . . . ,w^ >u . By proper- 
ty (j9.2[) . for any nonzero u (close to 0) every Mj tU , j € J, preserves Y u . For any nonzero u 
(close to 0) denote by Ay u the unital subalgebra of End(y u ) generated by Mj iU \y u , j € J. The 
subspace Y u is an Ay^-module. 

For any u (it = included) define a linear map 

A* 

Z=l 

Theorem 9.1. For any u (in particular, for u = 0) £/ie map a n : A u Y u is an isomorphism 
of vector spaces. The form S restricted to Y u is nondegenerate. 

Proof. Define a bilinear form ( , )s, u ° n A u , 

([/]«, [g]u)s,u = S(a u ([f] u ),a u ([g] u )) = ^ S(wi >u , w m> i) ([/]„, [fy]u) u ([s] u , [^m]u)u- 

Z,m=l 
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Lemma 9.2. For anyu, we have {[f] u [g] u , [h] u )s,u = ([f]u, [g]u[h] u )s,u for all [f] u , [g] u , [h] u G A u . 
Proof. For the statement follows from Lemma 18.31 For u = 0, the statement follows by 



The next two lemmas are similar to the corresponding analogs in Section 18.21 

Lemma 9.3. There exists a unique element [s]q G Aq such that ([/]o, b]o)s,o = (Ho[/]o> b]o)o 
for all [f] , [g] G A . 

Lemma 9.4. Let [s]q G Aq be the element defined in Lemma [9.31 Then [s]q has the following 
two properties: 

(i) the element [s]q is invertible and projects to (— l) k in C = Aq/ttiq, where mo C Aq is the 
maximal ideal, 

(ii) the form (, )s,o is nondegenerate. 

Lemma 19.41 implies Theorem 19.11 cf . the end of Section 18.21 ■ 

Define the value [u;]o(p) of [w]q at p as the image of [w]q under the natural projection 
A ® W -> A /m (g) W = W. 

Corollary 9.5. The value [w]o(p) is nonzero. 

Corollary 9.6. The space Yq is of dimension fj, and wi t o, . . . ,wi o is its basis. 

For any [g]o € Aq, denote by Lr g i € End(Ao) the linear operator on Aq of multiplication 
by [g]o- For any j € J, define a linear map Ljfl : Yq — > Yq by the formula Lj t o = chqL^. ] (ao)~ 1 . 
Denote by Ay the unital subalgebra of End(Yo) generated by Lj^q, j € J. Clearly, Ay is 
commutative. The subspace Yq is an Ay -module. 

Theorem 9.7. 

(i) The map [ff^ojo ^ -^j,o> 3 S J, extends uniquely to an algebra isomorphism $q : Aq ^ Ay Q . 

(ii) the algebra Ay u tends to the algebra Ay as u — > 0. More precisely, for any j G J and 
I = 1, . . . , [i, we have Mj^ u wi tU — > Lj^wifi as u — > 0. 

Proof. Part (i) is clear. Part (ii) follows from (|9.2p . ■ 

Let y C W be a vector subspace such that 



For example, we can choose Y = Yq. Let pry : W — > Y be the orthogonal projection. 
Theorem 9.8. 

(i) For j G J, let M- be the constant coefficient of the Laurent expansion of Mj jU , see (19. ID . 



continuity. 




(-1) 



Then 



L j) Q = pT Y Mp\y . 



(9.3) 



/n particular, that means that the operators pr y Mj |y do not depend on the choice ofY. 
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(ii) Let C C be numbers such that J2jej ^ = 0> then 

jeJ j&J 

Proof. For j G J, let wi iU = wi$ + w^u + • • • be the Taylor expansion of wi jU . By part (ii) of 



Theorem 19.71 we have 

io i)0 €kerMj -1) and L jfi w lfi = Mfw lfi + M^w^ . (9.4) 

The operator Mj ^ is symmetric since Mj jU is symmetric. The image of Mj ^ is orthogonal to 

the kernel of Mj 1 \ Hence, formula (j9.3|) follows from formula (|9.4p . Part (ii) of the theorem 
also follows from formula (|9.4p . ■ 

Corollary 9.9. For any i,j G J, the operators pr-pM^ |y o; pryMj°^|y are symmetric and 
commute. 

Corollary 9.10. The unital subalgebra of End(Yo) generated by the operators pr Y Mj |y , 
j G J, is a maximal commutative subalgebra. 

Proof. The proof follows from remarks in Section 18.31 ■ 

Corollary 9.11. The vector [w]o(p] is the only (up to proportionality) common eigenvector of 
the operators pryMj°^|y , j G J, and we have pryAfj ^ [itf]o(p) = #j,o(p)Mo(p)- 

Assume that the parameter u is changed holomorphically, u = c\v + C2V 2 + • • • where Cj G C, 
ci 7^ 0, and v is a new parameter. Let 

M J>(«) = + $j + + • ' ' > G End(W), 

be the new Laurent expansion. 

Lemma 9.12. For any j G J, we have pTyM^ \y = pr y M^|y and the algebra Ay C End(Yb) 
does not change under the reparametrization of u. 

Proof. One proof of the lemma follows from Theorem 19.71 Another proof follows from the fact 
that Ml~ X) = M^/d, = - c 2 M\- X) lc\. U 

9.2 Hamiltonians of bad fibers 

Let us return to the situation of Sections [3] and [7] and recall the previous constructions. 

Let z° G A. Let V — > V* be the map associated with the contravariant form. Let W, Sing W, 
W(z°), SingW(z ) be the images of V, SingV, T k (A(z )), Sing T k (A(z )), respectively. The 
contravariant form on V induces a nondegenerate symmetric bilinear form on W also denoted 
by SW. 

x c 

For z G C n — A, we have linear operators Kj(z) :V—tV,j&J, where Kj(z) = Yl f fey Lc, 
see (jO]> . For £ = {C G £ | z° G we define 

*?(*) = E 7^^, *i (*) = K M - *J(*)- 
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The dual operators Kj(z)* : V* — >• V* preserve the subspaces SingVF C W C V* , commute 
on the subspace Single and are symmetric on W with respect to the contravariant form. The 
operators L* c : V* — > V*, C G £, preserve the subspaces SingW dW C V* . The space W(z°) 
lies in the kernel of L* c \w ■ W — >■ W for any C G Co- 
Let 2> = {£ = E je j6'4 I & G C ' = for all C G Co}. 

Let p G U (A(z )) be an isolated critical point of the master function • ) : U(A(z )) — > C. 

Let A p ^ be the local algebra of the critical point and ( , ) p the residue bilinear form on A p $. Let 
] : C(t)[/( A ( z o)) — > j4 Pi $ be the canonical projection and [J5] G j4 p ,<j> <8> SingW(z°) the element 
corresponding to the canonical element. 

Define a linear map 

Q P : A p ^ -> Sing VF(z°) , <? ^ (g, [£]) p . 
Denote 1^, the image of a p . 
Theorem 9.13. 

(i) We have ker a p = 0. T/ie isomorphism a p identifies the contravariant form on Y p and 
the residue form (,) p on A Pi § multiplied by (— l) k . In particular, the contravariant form 
on Y p is nondegenerate. 

(ii) Let Y C Sing W be a vector subspace such that 

(a) Y p C Y; 

(b) the contravariant form restricted on Y is nondegenerate; 

(c) for any j G J, the subspace Y lies in the kernel of L* c , C G Co- 

Let pr^> : SingVF — > Y be the orthogonal projection. Then for any j G J the operator 
pr Y Kj(z )*\y p maps Y p to Y p and does not depend on the choice of Y . The operators 
pr Y Kj(z )* \y p ■ Y p — > Y p , j G J, commute and are symmetric with respect to the con- 
travariant form on Y p . 

(Hi) The unital subalgebra Ay p C End(Yp) generated by pr Y Kj(z )* \y p , j £ J, is a maximal 
commutative subalgebra. 

(iv) The naive geometric Hamiltonians K^(z )* , £ G T z o, preserve the subspace Y p and the 
operators K^(z°)*\y p are elements of the subalgebra Ay p . 

(v) The value [E](p) of[E] atp is nonzero. The vector [E](p) is the only (up to proportionality) 
common eigenvector of the operators pi Y Kj(z°)*\y p , j G J, and we have 

WY K){zy[E](p) = 1 ^—[E](p). 

(vi) For any j G J , g G A p ^, we have a p (gaj /[fj(z° , •)]) = pT Y Kj(z°)*a p (g). The map 
[aj/fj(z°, )] i-> pryKj (z°)*\y p , j G J, extends uniquely to an algebra isomorphism f3 p : 
A p ,<s> — > Ay p . 

(vii) The isomorphisms a p , f3 p identify the regular representation of the algebra A p ^ and the 
Ay p -module Y p . 

All statements of the theorem (but the second statement of part (i)) follow from the cor- 
responding statements of Section 19.11 The second statement of part (i) has the same proof as 
Theorem EIU 
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Theorem 9.14. Let pi, ■ ■ ■ ,Pd be a list of all distinct isolated critical points of Q(z°, • ). Let 
Y Ps = a Ps (A Ps ^) C SingW(z°), s = 1, ... ,d, be the corresponding subspaces. Then the sum of 
these subspaces is direct and orthogonal with respect to the contravariant form. 

Corollary 9.15. The sum of Milnor numbers of the critical points p±, . . . ,pd is not greater than 
the rank of the contravariant form S^ a ' Ising J rfe (A(2 )) • 

Denote Y = ® d = {Y Ps . Let Y C Sing W be a vector subspace such that 

(a) YcY; 

(b) the contravariant form restricted on Y is nondegenerate; 

(c) for any j G J, the subspace Y lies in the kernel of Lq, C € Co- 

For example, we can choose Y = Y. Let pr-p : SingVF — > Y be the orthogonal projection. 
Theorem 9.16. 

(i) For any j £ J the operator pr Y Kj(z )* maps Y to Y and does not depend on the choice 
of Y. The operators pi Y Kj(z°)*\y : Y — > Y, j € J, commute, preserve each of the 
subspaces Y Pa and are symmetric with respect to the contravariant form on Y. 

Denote by Ay be the unital subalgebra o/End(y) generated by pryX|(z°)*|y, j € J. 

(ii) The naive geometric Hamiltonians K^(z )* , £ € T z o, preserve the subspace Y and the 
operators K^(z°)*\y are elements of the subalgebra Ay. 

(Hi) Consider the isomorphisms 

a = ©f =1 a Ps : ® d =iA Ps ^ — > ® d = iY pg , 
P — ®s=iPs '■ ® d s =\A Pa ^ — > ® d =1 Ay ps ■ 

Then 

(a) Ay = ® d s=1 A Yps ; 

(b) Ay is a maximal commutative subalgebra o/End(y); 

(c) the isomorphisms a, (3 identify the regular representation of the algebra ® d =1 A Ps ^ 
and the Ay -module Y ; the isomorphism a identifies the contravariant form on Y and 
the residue form ( , ) = ® d =\( , ) Ps on ® d =1 A Ps: $ multiplied by (— l) k ; 

(d) in particular, if the rank of the contravariant form S^ a ' Ising^*^ ) equals the sum 
of Milnor numbers of the points pi,---,Pd, then Y = SingW(z°) and the module 
S'mgW(z°) over the unital subalgebra of End(Sing W(z )) generated by geometric 
Hamiltonians pr y Kj(z°)*\ Sing y/{z°)> 3 £ J> ^ s isomorphic to the regular representa- 
tion of the algebra ® d =1 A Pst $; 

The theorem follows from the corresponding statements of Section 19.11 

Theorem 9.17. Assume that the arrangement (A(z°),a) is unbalanced. 

(i) Then the contravariant form is nondegenerate on SingT^z ). 

(ii) Let pr ging w{z°) '■ Single — > SingW(z°) be the orthogonal projection, A SingW ^ z o-j be the uni- 
tal subalgebra q/End(Sing W(z )) generated by the operators WsingW(z )Kj ( z °)*\singW(z°) > 
j € J. Then ^4singVF(z°) ^ s commutative and its elements are symmetric with respect to the 
contravariant form on SingVF(2; ). 
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(Hi) Letpi, . . .,pd be a list of all distinct isolated critical points o/$(z°, • ). Then the Ag ing w( z °y 
module SingW(z°) is isomorphic to the regular representation of the algebra ®f =1 ^4 Psj $. 

Proof. If (A(z°) , a) is unbalanced, then the sum of Milnor numbers of the master function equals 
\x(U(A(z°)))\ and equals dim Sing J rfc (A(z )). This implies part (i) of the theorem. Parts (ii) 
and (Hi) follow from Theorem 19. 161 ■ 

9.3 Remark on critical points of real arrangements 

Assume that (gj)j^j are real, see Remark 13.21 Assume that z° S R n C C n . Assume that the 
contravariant form is positive definite on SingW(z°). Let P?singW(z°) '• S'mgW — > SingW(z°) 
be the orthogonal projection. Assume that the operators 

P*Si ag W(z°) K j {z°Y Wing W(z°) ■ SmgW(z°) -> SmgW(z°), j G J, 
commute and are symmetric with respect to the contravariant form. 

Theorem 9.18. Under these assumptions, any critical point p of the master function $>(z°, ■) : 
U(A(z )) — > U(A(z )), is nondegenerate and the nonzero value [E](p) at p of the canonical 
element lies in the real part Sing W(z°)m. of SmgW(z°) (up to multiplication by a nonzero 
complex number). 

Proof. On one hand, under assumptions of the theorem all the linear operators preserve 
Singiy(z )]R and can be diagonalized simultaneously. That means that any element of the alge- 
bra of geometric Hamiltonians A SingW ^ (generated by operators P^siiLgW(z )-^j( z °)*\smgW{z )i 
j G J) is diagonalizable. On the other hand, if the Milnor number of p is greater than one, then 
the local algebra A p ^ has nilpotent elements and, by Theorem 19. 13( the algebra j4sing w{z°) has 
nondiagonalizable elements. 

The second part of the theorem is clear. ■ 

Theorem 19.181 is in the spirit of the main theorem of [12| and Conjecture 5.1 in [11 . The 
main theorem of [12] says that certain Schubert cycles intersect transversally and all intersection 
point are real. These two statements correspond to the two statements of Theorem 19.181 

10 Arrangements with symmetries 

10.1 A family of prediscriminantal arrangements 

In this section we consider a special family of parallelly translated hyperplanes, see Section [3l 
The members of that family will be called prediscriminantal arrangements. 

Data 10.1. Let f}* be a complex vector space of dimension r with a collection of vectors 
ai, . . . , a r ,Ai, . . . , Ajv £ f)* and a symmetric bilinear form ( , ). We assume that (a,, aj) ^ for 
every i = 1, . . . , r. 

Let k = (fci, . . . , k r ) be a collection of nonnegative integers. We denote k = ^ ki and assume 
that k > 0. We assume that for every b = 1, ... ,N there exists i such that (a^, A&) ^ and 
ki > 0. 

Consider the expressions 

f(i),l,l' = 4 ~~ 4' + z (i),l,l' such that i = 1, . . . , r and 1 ^ I < I' ^ ki; (10.1) 
t _ +(*) , 

J(i,i'),l,V ~ l i - V + z (i,i'),l,l' 

such that 1 ^ i < i' ^ r, 1 ^ I ^ ki, 1 ^ l' ^ k^ and (aj, ay) ^ 0; 

f{i,b),i = ~~ if + z (i,b),i such that l^i^r, 1 ^ I ^ ki, 1 ^ b ^ N and (oj, A^) ^ 0. 
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Let J denote the set of all low indices of the letters / in these expressions. So J is the union 
of three nonintersecting subsets J±, J2, J3 where J\ consists of triples from the first 

line of (jlO.ip . J2 consists of four-tuples from the second line, J3 consists of triples 

{{i,b),l} from the third line. Let n be the number of elements in J. 
Consider C k with coordinates 

t - (t {l) t {r) t {r) ) 

Consider C™ with coordinates z = (zj)j & j and C n x C k with coordinates z, t. For any j £ J 
the expression fj can be considered as a linear function on C n x C fc . We have fj = zj + gj 

where gj = tf - tf if j = {(Z),Z,Z'}, where gj = tf - t[P if j = {(«,»'), Z,l'} and gj = -tf if 
j = {(i, &),/}. The functions gj, j € J, can be considered as linear functions on C k . 

For j € J, the equation fj(z,t) = defines a hyperplane Hj C C n x C k and we get an 
arrangement A = {Hj \ j € J} in C™ x C fc . 

We assign (nonzero) weights cij to hyperplanes of C by putting 

a (i),l,l> = («t,ai), a (i,i'W = ( a i> a i')> = (10.2) 

The weighted arrangement C is an example of a family of parallelly translated hyperplanes 
considered in Sections [3H21 

10.2 Discriminantal arrangements 

Let X C C™ be the subset defined by the following equations: 

z (i).i,i' =0) i = 1, . . . ,r and 1 ^ I < I ^ kf, 

z (i,i'),l,l' = 0) 1 ^ i < i' ^ r, 1 ^ I ^ ki, I ^ l' ^ kii and (a^aj/) 7^ 0; 
z (i,b),i = z (i',b),i', 1 < * < r, 1 < I ^ fcj, 1 < «' < r, 1 < Z' < fej/, 1 O ^ A, 
(«i,A 6 ) ^ 0, (oj/jAj) / 0. 

The subset X is an A-dimensional affine space. We will use the following coordinates x±, . . . , xn 
on X defined by the equations Xb = z (i t b),u where 1 ^ b ^ N, 1 ^ i ^ r, 1 ^ / ^ ki and 
(ai, Aft) 7^ 0. We will be interested in the open subset U(X) C A, 

U(X) = {z 6 A j xi(z), . . . ,xn(z) are all distinct}. 

Let us consider the arrangement A(z) = {Hj{z))j^j in the fiber C k of the projection C n xC fc -> 
C n over a point z € U(X) with coordinates xi(z), . . . ,xn(z). Its hyperplanes are defined by 
the equations: 



l) - tf =0, i = 1, . . . , r and 1 < Z < Z' < 

^ - t[f) =0, 1 < i < i' r, 1 < Z < fcj, 1 < I' < jfej/ and (04, 04/ ) 7^ 0; 
i} - x b (z) =0, K K r, K K 1 < K iV and (c^, A 6 ) 7^ 0. 



The weights of these hyperplanes are defined by formula (I10.2p . This weighted arrangement is 
called discriminantal, see [231 EE] . 
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10.3 Symmetries of the family of prediscriminantal arrangements 

The product of symmetric groups Sj- = x • • • x Sk r acts on C by permuting coordinates t, 
with the same upper index. More precisely, a point p G C fc with coordinates (t^\p), . . . , t^(p), 
. . . , t^(p), . . . , £t (p)) is mapped by an element a = (a\, . . . , oy) to the point with coordinates 

('S'(i)W'-- t ^ch)W-- t S'(i,W-- < "'w<'»- 

The group Sfc acts also on C n . Namely, an element a = {tj\, . . . , a r ) sends a coordina- 
te Zftw to the coordinate z^),^),^') if < and to -Z(i),^0W') ifcr i(0 > ^(O- An 
element a sends a coordinate zu^ryij/ to -Z(i i i') i(Ti (/),o- l /(r)- An element <r sends a coordinate z^&u 
to the coordinate Zu^^ny 

Clearly every point of X C C n is a fixed point of the S^-action. 

The actions of 5& on C n and C k induce an action on C n x C k . The S^-action on C n x C k 
preserves the arrangement A and sends fibers of the projection C n x C fc — > C n to fibers. 

The Sfc-action on A corresponds to an S^-action on the set J = J\ U J2 U J3. That action 
preserves the summands. For a = (a±, . . . , cr r ) G we have 

{(i),/,/'} H> {(z),min((Ti(/),ai(/')),max(o-i(/),o- i (/ / ))}, 

{(M'UO ^ {(*, *Vi(0, MOI, {(*,&),*} ^ 

where € Ji, {(M'),M'} G ^2, 6 J 3 - 

Consider the discriminant A = UcecHc C C n , see Section [3^21 Here £ is the set of all circuits 
of the matroid of the collection (gj)j^j. Clearly the SVaction on C n preserves the discriminant 
and permutes the hyperplanes {He \ C G £}. 

The action of Sj- on the hyperplanes of the discriminant corresponds to the following action 
on <t. If C = {ji, . . . , ji} C J is a circuit and o G S^, then <t(C) is the circuit {a(ji), . . . , cr(ji)}. 

10.4 The Sfc-action on geometric Hamiltonians 

We use notations of Section IO and for zGC n -A denote V= J rk (A(z)), SingF= SingJ rfe (A(z)). 
The triple (V, Sing V, S^) does not depend on z G C n — A as explained in Section [3lfl 

Fix an order on the set J. Recall that the standard basis of V* = A k (A(z)), associated 
with an order on J, is formed by elements (Hj 1 , . . . ,Hj h ) where {ji < ■ ■ ■ < jk} runs through 
the set of all independent ordered ^-element subsets of J. The (dual) standard basis of V is 
formed by the corresponding vectors F(Hj 1 (z), . . . , Hj k (z)). We have F(Hj 1 (z), . . . , Hj k (z)) = 
(-l)MF(H jfim (z),...,H^ (k) (z)) for any p G S k , see Section ECO 

The 5fc-action on J induces an action on V and V*. For a G <Sfc, we have 

a : F(H h (z), . . .,H jh (z)) H- F(H a(Jl) (z), . . .,H a(Jk) (z)) 

and (Hj 1 (z), . . . , Hj k (z)) i-> (H a (j^{z), . . . , H a ^ k ^{z)). The S^-action on V preserves the sub- 
space Singy and preserves the contravariant form on V. 

Let z° G U(X). Then z° is S^-invariant and the group acts on the fiber C k over z° and 
on the weighted arrangement (A(z°),a) in that fiber. The subspaces J-" fc (A(z )), Sing J rfc (A(z )) 
of V are S^-invariant. 

Let V — >• be the map associated with the contravariant form. Let W, Sing IF, W(z°), 
SingIF(z°) be the images of V, SingF, J rfc (A(z )), Sing J 7fc (A(z )), respectively. All these 
subspaces are S^-invariant. 

An S'fc-action on a vector space defines an S^-action on linear operators on that space. For 
a G <Sfc and a linear operator L we define cr(L) = a La" 1 . 

In Section [5.21 we have defined operators Lc ■ V — > V, C G £. Clearly for any a G and 
any C G £ we have a(Lc) = -^o-(c)- 
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In Section T5.2I we have considered differential 1-forms on C™ x C k which were denoted by uij, 
j G J, and ooc, C G £ The S^-action on C n x C fc preserves this set of differential 1-forms. 
Namely for any j G J, C € £, o" G Sfc, we have a : ujj ^ w^), ujc >->■ w^^). 

Lemma 10.2. T/ie following objects are S^-invariant: 

^ajUj, ^cj c <g>L c , ^ uJ jl A---Auj jk 0F(H jl ,...,H jk ). 

j£j independent 

{j'l<---<jfc}CJ 

By the definition of Kj(z) : V — > V, j G J, we have 
^ W(7 ® = ^ ® Kj(z), 

see formula ()5.4p . The functions Kj(z) are End(V)-valued meromorphic functions on C n . 

Since acts on C n and End(V) it also acts on End(V)-valued functions on C n , a : F(q) (->■ 
o"i ? ((T _1 ((7))(T _1 for g G C n . Lemma ll0.2l allows us to describe the S^-action on functions Kj(z). 

Corollary 10.3. An element a = (o~i, . . . , o>) G Sfc acts on functions Kj, j G J, by the 

formulas: 

K (i),l,l>(<l) ^ K (i)Ml)Mn{ a ' 1 (^)' °"i(0 < ^(0, 

K (i),l,l>{q) ^ -•^(i),ff i (/'),£r i (0( o '~ 1 (?))) «/cTi(0 > <7t(0> 

K(i,i>),l,l>(q) !-> ^(t),<T i (0,£r i /(J , )( Cr ~ (?))' 

K(i, b ),i{a) >-»> ir ( i )6 ) i(Ti (Q((7 -1 (g)). 
Let z° G ?7(X). Recall that £ = {C G £ | z° G F c }, 

Corollary 10.4. ^4n element a G acis on operators Kj(z°) : V — >• V, j G J, fry i/ie formula 

a(Kj(z ))=±K^(z% 
where the minus sign is chosen only if j = {(i),l,l'} and o~i(l) > o~(l'). 

10.5 Functions Ks Xb {z) 

Let z° G Ef(X). Recall that T z o = = £ jeJ £jj§- I & e C > f(/c) = for all C G £ }, see 
Section [7.1i Define the following constant vector fields on C n , 

d Xb = JT ' b = l,...,N. 

Lemma 10.5. The vector fields d Xb , b = 1,...,N, are elements of T z o. The End(V)-valued 
functions 

K d Xb (z)= E b = l,...,N, 

are S^-invariant. 
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By Lemma |7,H the functions Kg y (z) are regular at z° and their dual operators preserve the 
subspace SingW(z°) C V*. 

Corollary 10.6. For z° G U(X), the operators 

^>°)*lsin g W(*°) = Sing W(z°) Sing W(z°), b = l,...,N, 
are Sk-invariant. 

The operators Kg x (2°)*|singVK(z°) are n aive geometric Hamiltonians on Sing W(z°) in the 
sense of Section 17.11 They commute and they are symmetric operators with respect to the 
contravariant form. 

10.6 Naive geometric Hamiltonians on SingW~ (z°) 

The space W has the canonical direct sum decomposition into isotypical components correspon- 
ding to irreducible representations of Sk- One of the isotypical components is the component 

W~ = {x£W \a(x) = (-l) H x for any a £S k }, 

corresponding to the alternating representation. If L : W — > W is an S^-invariant linear 
operator, then L preserves the canonical decomposition and, in particular, it preserves the 
subspace W~. 

Let z° G U(X). Then the subspace SmgW(z°) C W is an Sfc-submodule. We define 
SingM^~(z°) = W~ n SingVT(z°). For any b = l,...,iV, the operator Kg x (z )* preserves 
Sing W~(z°). The operators 

^(^°)*!sin g iy-(,o) : Sing W~ (z°) -> Sing^" (z°) 

will be called naive geometric Hamiltonians on Sing W~(z°). 

10.7 Sfc-symmetries of the canonical element 

Let z° G U(X). Let p G U(A(z )) be an isolated critical point of the master function <^(z°, • ) : 
U(A(z )) — > C. Let 0(p) = {ct(p) \ a G St} be the S^-orbit of p. The orbit consists of 
k\\---k r \ points. Let A a r p \$ be the local algebra of the critical point a(p) and (, ) a (p) the 
residue bilinear form on Ar(p),$- Let [ } a (p) '■ ^-{t)u(K(z )) ~~ ^ Ar(p),* be the canonical projection 
and [-E] CT ( P ) G Ar(p),<i> <8> SingW(z°) the projection of the the canonical element. 

The group acts on functions on U(A(z )). If g G CfiW^ )) an d o~ G <Sfc, then a(g)(q) = 
g{o- l (q)) for qGU(A(z )). 

Lemma 10.7. An element a G Sk acts on functions fj, j G J, by the formula 
a (fj) = ±/<r0')' 

where the minus sign is chosen only if j = {(i),l,l'} and o~i{l) > o~(l'). 

The Sfc-action on C(t)u^ z o^ induces an isomorphism a : A Pt $ — > A a (py$, [g] p h-> [o~(g)] a ( p ). 
Let us compare the residue bilinear forms on A p ^ and Ax(p),$ and projections of the canonical 
element to A p ^ and A a r p \§. 

Lemma 10.8. For f,g G ^4 p ,$, we have 

(a(f),a(g)) a{p) = (-1) CT (/, 5 ) P and <t([E\p) = (-l) CT [£L(p), 

w/iere (-l)* 7 = fl(-l) <Tl . 

i=l 
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For a G Sk, let a CT ( p ) : A a ^^ — > SmgW(z°) be the linear monomorphisms constructed in 
Section [221 Let Y a (p\ be the image of a a ( p y If n is the Milnor number of p, then dimY a /p\ = fi. 

Lemma 10.9. For f G A P) §, we have a(a p (f)) = a a ^(a(f)). 

Corollary 10.10. We have a(Y p ) = Y a(j)) . 

By Theorem 19.141 the subspaces Y a ^ are all orthogonal and the contravariant form on 
Yq(p) = ®a&s k Y<j(p) is nondegenerate. The group Sk acts on Yq[ p ). Denote 

Y 0( P ) = { v ^ Y 0( P ) I <r(v) = ^ all a G S k }. 

Corollary 10.11. We have Y Q{p) = {E^eS*, (~ 1 ) f7cr W I v e Y p) and dimY o( P ) = V- 

Let Ant = X] ( jes s ,( _i ) 17ff • SingVK(z°) — > SingVK - (z°) be the anti-symmetrization operator. 
Denote 

[£]; = (l®Ant)[ J E] p . 
Define a linear monomorphism 

a p : A p ^ -)> Sing W~ (z°) , /-►(/, [E] p ) p . 
Lemma 10.12. We have 

Y S( P ) = {«;(/) i /evi' 

The linear map a~ identifies the contravariant form on Yq,-, and the residue bilinear form 

on A Pi § multiplied by (— l) k kil ■ ■ ■ k r \. In particular, the contravariant form on Yq,-. is nonde- 
generate. We also have 

S^([E])-,[E]-) = (-l) k k 1 !---k r \[Ke SS ^$(z°, -)) p . (10.3) 

Let Y C Sing W be a vector subspace such that 
(a) Y oip) c Y ; 

(6) the contravariant form restricted on Y is nondegenerate; 

(c) for any j G J, the subspace Y lies in the kernel of L* c , C G £o; 

(g?) the subspace y is S^-invariant. 

For example, we can choose Y = Y ^ p y Let pry : SingPF — > Y be the orthogonal projection 
with respect to the contravariant form. 

For every j £ J and a G Sk, the map pryET^z )* : SingVK — > SingVF preserves ^(p) 
and pryiT|(z )* |y does not depend on the choice of Y, see Theorem 19.161 We also have 
a : pr-yKjiz )* i— > ipryiT 1 .,^ (z )* where the minus sign is chosen only if j = {(i),l,l'} and 

Important definition. Denote by P Sk the algebra of polynomials with complex coefficients 
in n variables aj/ fj, j G J, such that for any F(aj/ fj,j G J) G P Sk the function F(aj/ fj(z° , •), 
j & J) & U(A(z )) is S fc -invariant. 

Lemma 10.13. The natural homomorphism P Sh — > A Pt $ is an epimorphism. 



Quantum Integrable Model of an Arrangement of Hyperplanes 



45 



Let F(aj/ fj(z°,-),j G J) G P Sk . Replace in F each variable aj/fj with the operator 
pi Y Kj(z )*. Denote the resulting operator on Single by F(pic Y Kj(z )* , j G J). This operator 

preserves Y a ( P ) for any a 6 Sk and its restriction to Xr(p) does not depend on the choice of Y. The 
operator F(pr Y Kj(z )*, j G J) is S^-invariant by Corollary 110.41 Hence, F(pi Y Kj(z )* , j G J) 
preserves Y~ (p) . 

Theorem 10.14. 

(i) For F G -P 5fe , the operators 

F( P ryK}( z y,j g : y- p) -> y-^ 

commute and are symmetric with respect to the contravariant form, 
(ii) The map F t— > i^fpr^ifj (z )*, i € ^)lv- induces an algebra monomorphism 

P~ : Ap t * End(YJ (p) ). 

(in) TTie image of this monomorphism, denoted by A Y - , is a maximal commutative subalgebra 

O(p) 

/End(Y o(p) ). 

(iv) The naive geometric Hamiltonians Kg (z°)*\ v - . b = 1.....N, are elements of A v - . 

b r o( P ) Y 0(p) 

(v) The maps a~ , (3Z define an isomorphism of the regular representation of A p ^ and the 
A Y - -module Yq^. The linear map a~ identifies the contravariant form on Yq^ and 

the residue bilinear form on A p ^ multiplied by (—l) k k\\ ■ ■ ■ k r \. 

(vi) Define the value of [E]~ at p as the image of the natural projection of [E] p to A p ^/m p (g) 
S'mgW~(z°) = S'mgW~ (z°). Then the value [E]~(p) is nonzero and lies in Yq,-,. The 
vector [E] p (p) is the only (up to proportionality) common eigenvector of the operators 
F(-pr Y K}(z°)*,j G J)\v~ , F G P Sk , we have 

■> 1 0(p) 

F(pr Y K}(z°)*,j G J)[E]-(p) = F{ aj /f{z°,p),j G J)[E]~(p). 

Theorem 10.15. Letpi, . . . ,pd be a list of isolated critical points of$(z°, ■ ) such that the orbits 
0(pi), . . . , 0(pd) do not intersect. Let Y p ~ = a~ s (A Pa ^) C $vngW~ (z°), s = l,...,d, be the 
corresponding subspaces. Then the sum of these subspaces is direct and orthogonal with respect 
to the contravariant form. 

Corollary 10.16. The sum of Milnor numbers of the critical points pi, ■ ■ ■ ,Pd is not greater 
than the rank of the contravariant form \g- ms w- r z o\ . 

Let Y C W be a vector subspace such that 
(a) ® d s=l Y oips) C Y; 

(6) the contravariant form restricted on Y is nondegenerate; 

(c) for any j G J, the subspace Y lies in the kernel of L* c , C € foi 

(d) the subspace Y is S^-invariant. 

For example, we can choose Y = ©f =1 Y ( Ps ). Let pr^ : SingTY — >• Y be the orthogonal 
projection. 

Denote Y~ = Q^Y^y 
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Theorem 10.17. For F G P Sk , the operators 

F( W yKj(z°y,j G J)\ Y - : Y~ ->Y~ 

do not depend on the choice ofY. They commute and are symmetric with respect to the con- 
travariant form. 

Denote by Ay- the unital subalgebra of End(y~) generated by F(pi Y ^j( z °)* i j G J)\ Y -, 
F G P Sh . The naive geometric Hamiltonians Kq x (z°)*\y-, b= 1,...,N, are elements of the 
algebra Ay- ■ 

Consider the isomorphisms 

a = @ d s=1 ot pa : ® s= \A Pst <$> — > ® d =1 Y Q ^y 

0(p a ) 

Then 

(a) A Y - =(B d s=1 A Y ; 

O(ps) 

(b) A Y - is a maximal commutative subalgebra o/End(y~); 

(c) the isomorphisms a~ , j3~ identify the regular representation of the algebra ® d = iA Vs ^ and 
the Ay- -module Y~ ; the linear map or identifies the contravariant form on Y~ and the 
residue bilinear form ( , ) = ©f = i( , ) Ps on 0^ =1 A Psj $ multiplied by ( — l) fc /ci! • • • k r \; 

(d) in particular, if the rank of the contravariant form |singvy-(2°) equals the sum of Milnor 
numbers of the points pi,...,pd, then the module SingW~ (z ) = Y~ over the unital 
subalgebra of End(Sing W~(z )) generated by geometric Hamiltonians F(pv Y ^j( z °)* ^ 3 £ 
J)\ Y - , F G P k , is isomorphic to the regular representation of the algebra ® d = iA Ps ^. 

Corollary 10.18. If z° G U(X) and the arrangement (A(z°),a) is unbalanced, then the opera- 
tors F(pr Y Kj(z )* ,j G J) | singly- (z°) '■ SingW~(z°) -)• SingW~(z°), F G P Sk , commute and 
are symmetric with respect to the contravariant form. 

Proof. In this case Y~ = SmgW~ (z°) and the corollary follows from Theorem llO.171 ■ 

11 Applications to the Bethe ansatz of the Gaudin model 
11.1 Gaudin model 

Let be a simple Lie algebra over C with Cartan matrix (ttjj)^ , =1 - Let I) C g be a Cartan 
subalgebra. Fix simple roots ati, . . . , a r in if* and a nondegenerate g-invariant bilinear form ( , ) 
on q. The form identifies g and g* and defines a bilinear form on g*. Let Hi, . . . , H r G f) be the 
corresponding coroots, (X, Hi) = 2(A, 04) / (pti, a,i) for A G if*. In particular, {aj,Hi} = dij. 
Let Ei, . . . , E r G n + , Hi, . . . ,H r G if, Fi, . . . , F r G n_ be the Chevalley generators of g, 

[Ei,Fj] = SijHi, i,j = l,...,r, 
[h,h'] = 0, h,h'ei), 
[h, Ei] = (aii, h)Ei, hEt), i = l,...,r, 
[h,Fi\ = -(ai,h)Fi, he if, i = l,...,r, 

and ( ad A', ; 1 " : F. , = 0, (ad Ftf-^Fj = 0, for all i ^ j. 

Let (Ji)i£i be an orthonormal basis of g, = ^ jeJ J% <8> Ji G g <8> g the Casimir element. 
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For a g-module V and fj, G f)* denote by V[/i] the weight subspace of V of weight \x and by 
Sing V[/z] the subspace of singular vectors of weight fj,, 

Sing V[/i] = {v G V | n + v = 0, /iv = (//, 

Let TV > 1 be an integer and A = (Ai, . . . , Ajv), A& G f)*, a set of weights. For /z G h* let V^ 
be the irreducible g-module with highest weight [i. Denote 

V a = Va 1 ®---®V An . 

For X G End(VAj, denote by 

= l(g)---<g)l<g)X<g)l(g)---<g>lG End(VA.) 

the operator acting nontrivially on the i-th factor only. For X = Y2 m X m <£>Y m G End(VA i <8>V/v.), 

we set iW) = E m ^m ® G End(V A ). 

Let x° = (x^, • • • , x^ ) be a point of with distinct coordinates. Introduce linear operators 
_K"i(x°), . . . , Kn(x°) on Va by the formula 

n(M 

K ^ = E-°—o> b = l,...,N. 

c^b X b X c 

The operators are called the Gaudin Hamiltonians. The Hamiltonians commute, 

[K b (x°), K c (x )] = for all b, c. 

The Hamiltonians commute with the g-action on V\. Hence they preserve the subspaces 
Sing V\[fi] C V\ of singular vectors of a given weight /i. 

Let t : q — y q be the anti-involution sending £7j, Hi, Fi, to i^, -ffj, Ei, respectively, for all i. 
Let W be a highest weight g-module with a highest weight vector w. The Shapovalov form S 
on W is the unique symmetric bilinear form such that 

S(w, w) = 1, S(gu, v) = S(u, r(g)v) 

for all u,v and g G g. 

Fix highest weight vectors v\, . . . ,vn of Va 15 . . . ,V\ N , respectively. Define a symmetric bi- 
linear form on the tensor product Va. by the formula 

Sa = Si ® • • • <g> 5jv, 

where S 1 ;, is the Shapovalov form on Va 6 . The form S\ is called the tensor Shapovalov form. 

The Gaudin Hamiltonians are symmetric with respect to the tensor Shapovalov form, 
S\(Kb(y)u, v) = S\(u, Kb(y)v) for any u, v G Va and b = 1, . . . , N, see [T9] , 

For any fi G h*, the Gaudin model on SingVA.[/i] C Va is the collection 

(SingVAM; ^AlsingVAM; K b(y)lsingV A M : Sing F A M ^ Sing VaM & = 1,...,JV), 



see [3 |8] . The main problem for the Gaudin model is to find common eigenvectors and eigen- 
values of the Gaudin Hamiltonians. 
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11.2 Master function and weight function, |23| 

The eigenvectors of the Gaudin Hamiltonians are constructed by the Bethe ansatz method. We 
remind that construction in this section. 

Fix a collection of nonnegative integers k = (fci, . . . , k r ). Denote k = k\ + ■ ■ ■ + k r , 

N r 
Aoo = ^ A b - ^ k i°i- 
6=1 i=\ 

Consider C k with coordinates 

t - (t {1) t (1) t [r) t {r) ) 
Define the master function 

r 

$(xV,A,fe) = E E («i,«i)iog(*f -tf) (ii-i) 

i=l l<j<j%ki 

+ E EI>>^)iog(f -4'VEEE( A ^)Mf 

l<i<i'^ri=li'=l i=l j=l 6=1 

We consider $ as a function of t depending on parameters x°. 

Denote by £/ the set of all points p € C k such that for any log/i entering (jll.ip (with 
a nonzero coefficient) we have h(p) ^ 0. The set U is the complement in C k to the union of 
hyperplanes. The coefficients of the logarithms in (jll.ip define weights of the hyperplanes. This 
weighted arrangement is called discriminantal. Discriminantal arrangements were considered in 
Section [1021 

Let us construct the weight function uj : C k — > VaJAoo] introduced in [23], cf. [20]. Let 

N 

b = 6jv) be a sequence of nonnegative integers with Yl h = k. The set of all such 

i=i 

sequences will be denoted by B. 

For b G B, let {c{, . . . , , . . . , , . . . , c^} be a set of letters. Let £(&) be the set of all 

bijections a from the set {c\ , . . . , c£ , . . . , cj 7 , . . . , } to the set of variables {t^ , . . . , , . . . , 

4 r) , . . . , t[ r) r }. Denote d{tf) = i, and = (d\, cf bi d^), where df 1 = d^cf 1 )). 

To each b £ B and a G S(6) we assign the vector 

^,6" = ^1 ■ • ■ F <fi ® • • • ® F < • • • F d" v N G Va[Aoo]. 
and the rational function 

with 



(<r(cf ) - a(c|)) • • • {a{^_ x ) - a(ctj)(a(ct e ) - x%) 
and u% h (x° e ) = 1 if b e = 0. Then the weight function is given by the formula 

w(xV,*;) = E E u *,b{ x °> t ) F **,i, v - ( 1L2 ) 

6GBcrGS(6) 

The weight function is a function of t depending on parameters a; . 
Lemma 11.1 (Lemma 2.1 in [E]). The weight function is regular on U. 
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11.3 Bethe vectors 

Theorem 11.1 ([3 EJ [05]). Let q be a simple Lie algebra. Let A = (Ai, . . . , Ajv), A 6 G h*, 
be a collection of weights, k = (k±,...,k r ) a collection of nonnegative integers. Assume that 
x° € has distinct coordinates. Assume that p € C k is a critical point of the master function 
$(x°,-,A,fc) :[/—?>[/. Then the vector uj(x°,p,k) (if nonzero) belongs to SingVA[Aoo] and is 
an eigenvector of the Gaudin Hamiltonians K±(x°), . . . ,Kn(x°). 

The theorem also follows directly from Theorem 6.16.2 in [23J, cf. Theorem 7.2.5 in [23], see 
also Theorem 4.2.2 in [6]. 

The vector u(x°,p, k) is called the Bethe vector corresponding to the critical point p. 

Theorem 11.2. If p is an isolated critical point of the master function, then 



S A (uj(x°,p,k),uj(x ,p,k)) =det — m — j-r (x°,p,A,k). 

\dtfdty I 

In particular, if the critical point is nondegenerate, then the Bethe vector is nonzero. 
This theorem is proved for g = sl r +i in |16| and for any simple Lie algebra in |27| . 



11.4 Identification of Gaudin and naive geometric Hamiltonians 

Let us identify constructions and statements of Theorems 111.11 111.21 and of Theorem 110.141 
First of all let us define the discriminantal arrangement associated with the Gaudin model in 
Theorems [TL2l [TLT1 

The Gaudin model is determined by a simple Lie algebra g, a nondegenerate g-invariant 
bilinear form ( , ), simple roots ati, . . . , a r , highest weights Ai, . . . , Ajv, distinct complex numbers 
x®, . . . , x^r and a vector k = (k\, . . . , k r ) of nonnegative integers. 

Let us take these f)*, a±, . . . , a r , A±, . . . , A^r, ( , ), k = (k±, . . . , k r ) as Data 110.11 to define 
a family of prediscriminantal arrangements. Let us choose a point z° € U(X) by conditions 
Xb(z°) = x® for b = 1,...,N. The corresponding weighted discriminantal arrangement (A(z°), a) 
of Section 110.21 is exactly the weighted arrangement defined by the master function in (jll.ip . 
In particular, we have - ,A,fc) = •) where •) is the master function of the 

arrangement (A(z°),a). 

In |23| an isomorphism 7 : W~(z°) — > Va.[Aoo] was constructed with the following properties 
(»)-(*«)• 

(i) The isomorphism 7 identifies SmgW~(z°) with Sing Va.[A-oo]- 

(ii) The isomorphism 7 identifies a naive geometric Hamiltonian Kq^ \s\ngW-(z°) with the 

Gaudin Hamiltonian ^b(x°)|smg Va[Aoo] u P *° addition of a scalar operator. More precisely, 
for any b = 1,...,N, there is a number q, such that 

7 1 Sing W-( Z 0){Kg Xb +Cfe)| SingH /-( z 0) = -^fe(x )|singV- A [A oo ]7lsmgH/-(^ )- 



(Hi) The isomorphism 7 identifies the contravariant form on W (z°) (multiplied by 
(—l) k k±\ ■ ■ ■ k r \) with the tensor Shapovalov form on Va^A^], 

Sa(i(x), 7 (y)) = (-l)*fei! • • • k r \S^ (x, y) for any x, y G Va^]. 
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(iv) Let E G < C(t)u(A(z )) ® W(z°) be the canonical element of the arrangement A(z°). Let 
Ant = X^a-eS ( — 1) <T(T • H^z ) - >• VF _ (£ ) be the anti-symmetrization operator. Consider 
the element (1 ® Ant)E G C(t)j7 (A ( a o)) <g> Let € C(t) v ^ z o^ ® Va[^oo] 

be the weight function defined by (jll.2p . Then 

(1 <g> 7)(1 ® Ant)E = ki\ ■ ■ ■ k T \uj. 

See Theorems 5.13, 6.16.2, 6.6 and 7.2.5 in [23], see also Section 5.5 in [27] . 

Now Theorem 111.21 follows from items (iv) and (vi) of Theorem 110.141 and Theorem 111.11 
follows from Lemma 110.31 and Theorem 12.81 

From statements (i)-(iv) and Theorem 110.141 we get the following improvement of Theo- 
rem [1L2J 

Theorem 11.3. For any simple Lie algebra g, if p is an isolated critical point of the master 
function &(x°,-,A,k), then the corresponding Bethe vector u(x°,p,k) is nonzero. 

11.5 Bethe algebra 

The subalgebra of End(Sing V\. [/-*]) generated by the Gaudin Hamiltonians can be extended 
to a larger commutative subalgebra called the Bethe algebra. A construction of the Bethe 
algebra for any simple Lie algebra g is given in [JJ. As a result of that construction, for any x° 
one obtains a commutative subalgebra B(x°) C (Uq)® n which commutes with the diagonal 
subalgebra Ug C (Uq)® n . To define the Bethe algebra of V\ or of Sing yX.[/i] one considers 
the image of B(x°) in End(VA.) or in End(Sing Va. [//]). The Gaudin Hamiltonians Kb(x°) are 
elements of the Bethe algebra of V\ or of Sing Va[Aoo]- 

A more straightforward construction of the Bethe algebra is known for the Gaudin model 
of 0^4-1, see [24]. Below we give its description. 

Let eij, i, j = 1, . . . ,r+l, be the standard generators of g[ r+1 satisfying the relations [e^, e s k] = 
SjsCik — SikGsj- Let f) C 0t r+ i be the Cartan subalgebra generated by en, i = 1, . . . ,r + 1. Let f)* 
be the dual space. Let e^, i = 1, . . . ,r + 1, be the basis of fi* dual to the basis e«, i = 1, . . . ,r + 1, 
of f). Let ai, . . . , a r G f)* be simple roots, an = e, — Cj+i. Let ( , ) be the standard scalar product 
on fj* such that the basis Cj, i = 1, . . . ,r + 1, is orthonormal. 

Let gl r+1 [s] = gl r+ i <S> C[s] be the Lie algebra of gl r+1 -valued polynomials with the pointwise 

oo 

commutator. For g G 0t r+ i, we set g(u) = ^2(g <8> s l )u~ % ~ 1 . We identify gl r+ i with the subal- 

i=0 

gebra fjt r+1 <S> 1 of constant polynomials in gt r+1 [s]. Hence, any gl r+1 [s]-module has a canonical 
structure of a g[, r+1 -module. 

For each a G C, there exists an automorphism p a of gt r+ i[s], p a '■ g(u) g(u — a). Given 
a g[ r+1 [s]-module W, we denote by W(a) the pull-back of W through the automorphism p a . As 
g[ r+1 -modules, W and W(a) are isomorphic by the identity map. 

We have the evaluation homomorphism, gt r+ i[s] — I gl r +i, g(u) H > gu^ 1 . Its restriction to the 
subalgebra gt r+1 C g[, r+1 [s] is the identity map. For any g[ r+1 -module W, we denote by the same 
letter the g[ r+1 [s]-module, obtained by pulling W back through the evaluation homomorphism. 

Given an algebra A and an (r + 1) x (r + l)-matrix C = ((Hj) with entries in A, we define 
its row determinant to be 



rdetC= (- 1 ) fTc i<r(i)C 2(J (2) ■ ■ ■ c r+la{r+1 y 
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Define the universal differential operator D b by the formula 



B 



rdet 



(Qu~ eii(w) 
-e 12 (u) 

\-e lr+1 (u) 



-e 2 i(u) 
d u ~ e 22 (u) 

-e 2r +i(u) 



-e r+ n(u) \ 
-e r+ i 2 (u) 

d u ~ e r+ ir+i(u)J 



We have 



r+1 

dl, +1 + V Bid? 1 - 



i=i 



Bi 



B v u ~ 

j=i 



The unital subalgebra of ?7g[ r+1 [s] generated by Bij, 
algebra and denoted by B. 



B^ € Ugl r+1 [s} 



1, . . . ,r + 1, j ^ i, is called the Bethe 



By [23], cf. [TO], the algebra B is commutative, and B commutes with the subalgebra UqI 



r+1 



c 



Ugl r+1 [s]. 

As a subalgebra of C/gl r+1 [s] , the algebra B acts on any gl r+1 [s]-module TV. Since B commutes 
with Ugi r+ i, it preserves the gt r+ i weight subspaces of W and the subspace Single of gt r+ i- 
singular vectors. 

If W is a -B-module, then the image of B in End(W) is called the Bethe algebra of W. 

Let V\ = (&b =l V\ b be a tensor product of irreducible highest weight g[ r+1 -modules. For 
given x° = {x\, • • • consider V\ as the g[ r+1 [s]-module 0^ =1 V\ b (x^). This g[ r+1 [s]-module 

structure on Va provides V\ with a Bethe algebra, a commutative subalgebra of End(VA.)- It is 
known that this Bethe algebra of V A contains the Gaudin Hamiltonians Kb(x°), b = 1, . . . , N. In 
fact, the Gaudin Hamiltonians are suitably normalized residues of the generating function B 2 (u), 
see Appendix B in [10] . 



Theorem 11.4 ([IS])- Consider V\ as the gl r+ i[s] -module <8)^ =1 Va 6 (^h)- Then any ele- 
ment B E B acts on V\ as a symmetric operator with respect to the tensor Shapovalov form, 
S\(Bu,v) = S\(u,Bv) for any u, v € Va.. 



11.6 fll r +i Bethe algebra and critical points of the master function 

In [15] the following generalization of Theorem 111.11 for g = gt r+ i was obtained. 

Let g = gl r+ i- A sequence of integers A = (Ai, . . . , A r +i) such that Xi ^ \ 2 ^ • • • ^ 
A r +i ^ is called a partition with at most r + 1 parts. We identify partitions A with vectors 
Aiei H 1- A r+ ie r+ i of t)*. 

Let A = (Ai, . . ., Ajy) be a collection of partitions, where A& = (Xb,i, ■ ■ -, A& jr +i) and Xb, r +i = 0. 
Let k = (ki, . . . , k r ) be nonnegative integers such that 

N r 

Aoo = ^2 Afc ~ ^2 ki0ii 

6=1 i=l 

is a partition. We consider the gt r+ i Gaudin model with parameters x° = (x®, . . . , x^) on 
Sing Va [Aoo] where V A = V Al ® ■ • ■ ® V An - 

Consider the master function t, A, k) defined by (jll.ip and the weight function u(x°, t, k) 
defined by (fTP]) . 

Let u be a variable. Define polynomials T\, . . . , T r € C[u], Qi, ■ ■ ■ ,Q r & C[u,t], 

N ki 

Ti(u) = ]J(u- x b )^\ Q t (u,t) = ]J{u- if), 

6=1 j=l 
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and the differential operator 

where <9 M = d/du and log' / denotes (df/du)/f. We have 

JV+l oo 
i=l j=i 

where Gij G <C[t]. 

Let p (z U be an isolated critical point of the master function <&(x, , - ,A,k) with Milnor 
number //. Let A p ^ be its local algebra. For / € C(t)u denote by [/] the image of / in A p ^. 
Denote 

i=i 

oo 

where [Gj\ = [Gij\u~K Let [u] € -Ap^^VX. [Aqo] be the element induced by the weight function. 

j=i 

The element [uj] belongs to A p ^ ® Sing Va.[Aco], see [23], and we have Sa([w], [w]) = [Hessf<&] , 
see [13 [27]. 

Theorem 11.5 ( [10J ) • For any i = 1, . . . , r + 1, j ^ i, we have 

(i®s y )M = ([Gii]p®i)M 

in A Pi $ <g> Sing Va. [Aqo] • 

This statement is the Bethe ansatz method to construct eigenvectors of the Bethe algebra in 
the Q\ r+ \ Gaudin model starting with a critical point of the master function. 

Let <7i, . . . , g/j, be a basis of A p ^ considered as a C- vector space. Write \uj] p = ^ gi®Wi, with 
Wi € Sing VaJAoo]. Denote by y p C SingVivfAoo] the vector subspace spanned by w\, . . . , w^. 
Let ( , ) p be the bilinear form on A p ^. Define a linear map 

Up : A p ^ -+y p , f i y {f, [u)]p) p = ^(/, 9i)pWi. 

i=l 

Theorem 11.6 (H5J). 

(i) T/ie subspace y p C SingV/vfAoo] is a B-submodule. Let Ay p C End (y p ) be the Bethe 
algebra of y p . Denote by Bij the image in Ay p of generators Bij € B. 

(ii) The map a p : A p ^ — > is «n isomorphism of vector spaces. 

(Hi) The map [Gij] p Bij extends uniquely to an algebra isomorphism (3 P : A p ^ — > Ay p . 

(iv) The isomorphisms a p and (3 p identify the regular representation of A p ^ and the B-modu- 
le y p , that is, for any f,g€ A Pi § we have a p (fg) = (3 p (f)a p (g). 

(v) The value of the weight function at p is a nonzero vector of Sing Va [Aqo] . 

(vi) Let pi,...,pd be a list of isolated critical points of <&(x°, -,A, k) such that the orbits 
0(pi), . . . , 0(pd) do not intersect. Let y Ps = a Ps (A Psy <s>) C Sing Va.[Aoo], s = l,...,d, 
be the corresponding subspaces. Then the sum of these subspaces is direct and orthogonal. 
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(vii) Denote y = (Bf = iy Ps - Denote Ay the Bethe algebra of y . Consider the isomorphisms 
j3 = ® s= iP Ps ■ ®s = iAp g ^ — > (B^ =1 Ay Ps - 

Then 

(a) Ay = ® d s=1 Ay ps ; 

(b) Ay is a maximal commutative subalgebra o/End(3^); 

(c) the isomorphisms a, (3 identify the regular representation of the algebra ©^ =1 j4 Psi $ 
and the Ay -module y. 

Let us identify constructions and statements of Theorem 111.61 and of Theorems 110. 14[ 110.171 
Consider the discriminantal arrangement A(z°), z° € U(X), defined in Section 111.41 and 
the isomorphism 7|singty-(z°) : S'mgW~(z°) — ¥ SingVA[Aoo] of that section. According to 
statements (i)-(iv) of Section [11 A\ we have l{Xo{p )) = «H>*' wnere ^0(v ) c Sing IV - (z°) is the 
subspace in Theorems 110.141 110.171 and y Ps C Sing Va [Aoo] is the subspace in Theorem 111.61 
Moreover, 7 identifies the algebra A v - of geometric Hamiltonians on YZ, ■. with the Bethe 

algebra of y Ps . 

Additional information that is given by Theorems 110.141 110.171 is the following theorem. 

Theorem 11.7. The monomorphism a p of Theorem \11.6\ identifies the tensor Shapovalov form 
on y p and the residue bilinear form on A p $. 

Proof. The theorem is a corollary of properties (Hi), (iv) in Section Til .41 and Lemma [10.12i ■ 
11.7 Expectations 

One may expect that for the Gaudin models of any simple Lie algebras the associated Bethe 
algebra defined in [3] coincides with the algebra of geometric Hamiltonians associated with the 
arrangement of the corresponding master function. That topic will be discussed in a forthcoming 
paper. 

Below we consider three examples in which we have a well-defined algebra of geometric 
Hamiltonians on Sing Va^A^]. 

11.7.1 Example 

Consider the Gaudin model corresponding to the following data: the Lie algebra 0[ r+ i, the 
collection of dominant integral weights A = (Ax,...,Ajv) with A^ = (1,0, ...,0) for all b, 
a vector of nonnegative integers k = (k±, . . . ,k r ) such that Aoo is a partition, a collection of 
generic distinct complex numbers x° = (x^, . . . , Xjy). 

By [E], f° r generic x° the associated master function has a collection of critical points 
Pi, ■ ■ ■ ,Pd such that the S^-orbits of these points do not intersect and the sum of Milnor numbers 
of these points equals the dimension of Sing Va [Aoo]. In this case Theorem 1 1 . 1 7 1 def ines a ma- 
ximal commutative subalgebra ^4sing(w-(2 )) C End(Sing (W~(z ))) containing naive geometric 
Hamiltonians. The isomorphism 7 sends A Sing ( W -( z o^ to a maximal commutative subalgebra 
of End(Sing Va.[Aoo]) containing the Gaudin Hamiltonians. By [I2j [13], the Bethe algebra of 
Sing Va [Aqo] is a maximal commutative subalgebra of End(Sing Va[Aqo]) and the Bethe algebra 
of Sing Va [Aqo] is generated by the Gaudin Hamiltonians. Hence, in this case, 7 establishes an 
isomorphism of the algebra of geometric Hamiltonians ^4sing(iy-(z )) an d the Bethe algebra of 
Sing Va [Aoo]- 
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11.7.2 Example 

Consider the Gaudin model corresponding to the following data: the Lie algebra q1 2 , a collection 
of weights A = (Ai, . . . , Ajv) with A& = A^ai such that Aj, G M<o for all b, a nonnegative integer 
k = (fci), a collection of distinct complex numbers x° = (x^, . . . , x%). 

Let (A(z°),a) be the associated discriminantal arrangement defined in Section [11.41 By our 
assumptions, the weights a of the discriminant arrangement are all positive. Corollary 110.181 
defines in this case a maximal commutative subalgebra of End(Sing W~(z ))) and the isomor- 
phism 7 sends this subalgebra to a maximal commutative subalgebra of End (Sing Va^A^]), 
which contains Gaudin Hamiltonians. One may expect that this commutative subalgebra of 
End (Sing V^fAoo]) coincides with the Bethe algebra of Sing Va.[Aqo]- 

11.7.3 Example 

Consider the Gaudin model corresponding to the following data: a simple Lie algebra g, a col- 
lection of dominant integral weights A = (Ai, . . . , Ajv), a vector of nonnegative integers k = 
(ki, . . . , k r ) with h- L ^ 1 for all i, a collection of distinct complex numbers x° = (x°, • • • , x^). 

Let (A(z°),a) be the associated discriminantal arrangement. By our assumptions, the 
weights a of the discriminant arrangement are all negative and the group Sk is trivial. In this 
case the isomorphism 7 identifies Sing J rk (A(z )) and the space Sing Va[Aoo]- Theorem 19.171 
defines in this case a maximal commutative subalgebra of End(Sing J-~ fc (A(z ))) and the iso- 
morphism 7 sends this subalgebra to a maximal commutative subalgebra of End (Sing VaAqo]), 
which contains the Gaudin Hamiltonians. One may expect that this commutative subalgebra of 
End(Sing Va[Aoo]) coincides with the Bethe algebra of Sing Va.[Aqo]- 
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